
LAW OFFICES
CHARLES J. MERRIAM

WILLIAM A •. MARSHALL

JEROME' B~ KLOSE

NORMAN M.SHAPIRO

,BASILP.MANN

CLYDE V. ERWIN.JR.

ALVIN D.SHULMAN

EOWARD M. O'TOOLE

ALLEN H.GERSTEIN

OWEN J. MURRAY

CONALD E. EG,AN

NATE F. SCARPELLI

MERRIAM. MARSHALL.S·HAPJRO & KLOSE
THIRTY WEST MONROE: STREET

CHICAGO. ILLINOIS 60603

December 16, 1966

Mrs. Helen K. Thomas
Official Court Reporter
United States District Court
Room 2328 A
219 South Dearborn Street
Chicago, Illinois

TELEPHONE

FINANCIAL 6-5750

I

--~-

Re: University of Illinois Foundation
v , Blonder-Tongue Laboratories, Inc.
v. JFD Electronics Corporation
Civil Action No. 66 C 567

Dear Mrs. Thomas:

Enclosed are Exhibits B-45 and B-46 wh i ch

were introduced during the deposition of Dr. Paul E.

Mayes taken before Miss Lucile E. Moore on December 14,

1966.

J have had copies of these exhibits made

and I am forwarding them directly to counsel for JFD

and Blonder-Tongue.

Sincerely yours,

Original Signed by
BASIL P. MANN

Basil P. Mann

BPM/mto
cc: ~ichard S. Phillips, Esq.

W/Enclosures
Myron C. Cass, Esq.
W/Enclosures
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Back in 1962, we invented a new kind of TV antenna.

UNITED STATES IilISTRICTCOURT

IiORTHERN DISTRICT OF ILLINOIS

BEFORE JUDGE HOFFMAN

DEFENDANT EX. NO.,__-
DOROTHY L. BRACKENBURY

OFFICIAL COURT REPORTER

Licensed under one or more of U.S. patents 2,958,081; 2,985,879;3,011,168; 3,108,280; 3,150,376; 3,210,767,
RE. 25,740 and additional patents pending in U~S.A. and Canada. Produced by JFD Electronics Co.•under ex
clusive license from the University of Illinois Foundation.

RABER WHOLESALE ElECTRONICS
265 So. Laurel St., Ventura
116 No, Nepal St., Santa Barbara

RADIO PRODUCTS SALES
1501 So. Hill Street
Los Angeles, California

WESTERN RADIO & T.V,
1415' India' Street
San Diego, California

VALLEY RADID SUPPLY
1134 33rd Street
Bakersfield; California

MARTIN DISTRIBUTING COMPANY
2509· East Florence Avenue
Huntington Park, California

HURLEY ELECTRONICS
2101 N. Fairview, .Santa Ana, 638-7220
In: . Inglewood, 679-2276 Ontario,YU
6-6638; San Bernardino, TU 5~0721; Long
Beach, HE 6-8268: Oxnard, HU 3-0133;
Oceanside; SA 2~7694~

PAPEL BROTHERS
4652 E, Third Street
Los Angeles, California

ANDREWS ELECTRDNICS
1500 W. Burbank Boulevard
Burbank; California

DEAN'S ELECTRDNICS
2310 Long Beach Boulevard
Long Beach; .California

GROSSMAN &REYNOLDS
1800 West Valley Boulevard
Alhambra, .California

MARCUS ELECTRONICS
5751 W; Pico Boulevard
Los Angeles, California______________________________J
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We did not improve on an old antenna. We
started from scratch to design a 'new one.
Really new.

It wasn't easy. And it wasn't cheap. But it
worked like mad. ,

We called it the LPV Log Periodic. Its per
formance caught our competitors with their
charts down. But it wasn't long before they
came up with LPV copies in every way-ex
cept in performance.

Meanwhile back at the JFD labs in Cham
paign, Illinois, our scientists and engineers
continued their "assault on perfection." In
1963, they again shattered antenna prece
dent by coming up with the first combina
tion VHF/UHF/FM log periodic antenna,the
LPV-VU. Instead of three different antennas,
installers now needed only one LPV-VU and
one downlead.

Our competitors sco.ffed at the idea.
They said it couldn'tbe done. Until the "eye..
popping" results started to roll in. Then there
was a mad scramble for the LPV-VU band
wagon.

These "me-too" antennas looked like the
LPV·VU Log Periodic. Sounded like it, too.
But their charms were skin-deep.

Only the JFD LPV-VUdelivered deluxe 82w
channel log periodic, performance. Because
only the JFD LPV-VU followed the genuine
patented log periodic concept of the Univer
sity of Illinois Antenna Research Laborato
ries. Thanks to the protection of eleven dif
ferent LPV-VU U.S. patents issued and pend
inq-c-morethan those of any other antenna.

You would think by now our Research and
Development people in Champaign would
leave well enough alone. But no. These
"Young Turks" have gone and done it again.
This time it's a newall-band log' periodic
deslqn-e-the LPV-CL Color Laser. (Must be
that "assault on perfection" bug they've still
got up their pollnear recorder.)

Why did we call it. the Color Laser?

Well, engineers tell us that laser light beams
with their tremendous bandwidth capacity
are the communications carrier of the future.
And we believe that our new VHF/UHF/FM
Color Laser with its extreme bandwidth,
among other unique characteristics, is the
antenna of the future-only it's available to
you now. How does the Color "Laser deliver
unsurpassed natural color, black and White
across 82 channels. and FM, too?

Three reasons: (1) Patefl,ted*VHF "cep
electronic" Log Periodic V Design. (2) a'new

broed bend UHF "zoned" trapezoid driver,
(3) a.new ateo-on-roaUHF director system.
Andthere are patents issued and pendinq.on
all three.

We'v,e also spun off theLPV "cap-electronic"
Log Peflodic section of the Color Laser. It
forms the heart of a great new VHF antenna
series we've named the LPV-TV;

Thlsv'assault on perfection" of ours involved
a complete new mechanical design, as well.
Results: "fast-lok" element brackets, "hot"
twin- booms. (no lossy harnesses or trans
formers), new super-strength double V-bolt
profiles" high reliability cylindrical capacl
tors, plus, our electrically conductive gold
alodized aluminum.

If you're the breed of professional contract
installer or self-servicing appliance dealer
who never settles for less than the best, we
have a suggestion. Use a JFD LPV-CL Color
Laser or LPV-TV Color Log Periodic on your
next installation. See what it feels like to
install the bes'r of all in performance and
customer satisfaction.

You will also see why our research and de
velopment people have now' changed' their
watchword-from "assault on perfection" to
"perfection conquered".

Licensed under one or more of U.S. Patents 2.955,287 and 3.015,821 and additional patents pending.

.JFD ELECTRONICS CO.
15th Avenue at 62nd Street, Brooklyn, N.Y. 11219
JFD International, 64-14 Woodside Ave., Woodside, N.Y. 11377 JFD Canada', Ltd., Canada
JFD de Venezuela, S.A., Avenlda Los Haticos'125-97, Maracaibo, Venezuela

CASS ALTSHULER
801 Seventh Avenue
Oakland, California

DUNLAP ELECTRONICS
1800 . 18th Street
Sacramento, California' 95809
Also in: Chico, Vallejo, Modesto, Fresno,
Walnut Creek, Bakersfield, Marysville,
Stockton, Merced, Redding and Reno,
Nevada

QUEMENT· ELECTRONICS
1000 South Bascom 'Avenue
San Jose, California

REOWOOD ELECTRONICS SUPPLY COMPANY
711 Summer Street
Eureka, California

WHOLESALE RAOIO & ELECTRIC SUPPLY COMPANY
1348 EI Camino Real
San Carlos,': California

WHOLESALE RAOIO & ELECTRIC SUPPLY COMPANY
1116 Folsom Street
San Francisco, California 94103
Also in Petaluma



Dear Sir:
In the October issue of ESD you had

in your feature issue a report on service
pricing.

I would like ver ymuch to obtain some
copies of this article. If you are able to
send me some reprints of this article
they would be used by our men to give
to their customers. Your assistance would
be greatly apreciated.

Wimpy Jones
Radio Service, Sacramento

4

Ed: Weare trying to work out an idea
to reproduce the article and send sup·
plies to all distributors to give to their
customers. As yet it is not worked out
but, if you wish, you have our permis
sion to reprint the article and use it as
you see fit.

Dear Sir:
Would like to procure a copy of ESD

FOR COMPLETE OVERHAUL
Includes ALL parts (except tubes)
ALL labor on ALL makes

24-HOUR SERVICE with
FULL YEAR WARRANTY

~._.~~~~~--~~~~~-

for October if posible. Would you please
send me a copy of this or advise me as
to cost of same and I will glady send
along my remittance. Also your sub
scription rate.

Edward Hocking
Buena Park, Calif.

A TELEGRAM:
Congratulations your August ESD edi

torial also Winston Salem Session. Will
send copy of our survey later.

John Keppinger Gross Point Magnavox
Detroit, Michigan

Dear Sir:
We wish to thank the Electronic Serv

ice Dealer for the editorial leadership in
bringing about this vital need to upgrade
the industry. Reports on items in the
Electronic Service Dealer have a per
manent place on the agenda of our
monthly meetings.
William E. Phillips, President
Coachella Valley Electronics Association
Palm Desert, California

Editor's Note:
These are just a few of the stacks of

letters we haoereceioed concerning our
current editorial policy to review and
report pricing practices throughout Cali
fornia. We sincerely hope we have been
a factor in a re-evaluation of the pricing
structure and that the Industry as a
whole will benefit. We believe that this
is the only way in which the industry can
take its place as a profession, to attract
new people, and to be financially sound.

Dear Don:
I want you to know how much I enjoy

reading Electronic Service Dealer from
cover to cover and consider it the best
service publication in the country. Par
ticularly enjoy your "Service Pricing"
articles which I wish could be read by
every service dealer.

Sincerely,
John P. Graham, Ed. ARTSD News

ELECTRONIC SERVICE DEALER
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United States Patent Office 3,079,602
Pat$nted F$b. 26, 1963

2
To provide logarithmically periodic .antennas. baving

structural simplicity, while permitijogfrequency inde
pendenceof radiation pattern and input frequency .over
extremely -broad frequency ranges; and

To provide a logarithmically ,periodic antenna which
can be entirely made of straight-lined structure, camblo
qf-easyfabrication from wire orrOds~ . .' - ,

Further objects, features and advantages of the iIlven~

tion will become apparent to a person skilled in the art
10 upon further study of thespecjfication and accompanying

drawings, in which:
FIGURE 1 illustrates an elevationaI view of one form

of the invention;
FIGURE 2 shows a side view and radiation pattern;
FIGURES 3, 4, 5, 6(A), 6(B) and 7 represent other

forms of the invention;
FIGURE 8 is a perspective of a three-dimensional form

of the invention;
FIGURE 9 illustrates a conical development of the

20 three-dimensional forni in FIGURE 8;
FIGURES 10(A), (B) and (e) show end views of

various forms of the invention with their radiation pat-
terns; .

FIGURES 11 and 12 sbow perspectives of other three
25 dimensional forms of' the invention;

FIGURE 13 provides a modification of the invention;
FIGURES 14(A) and (B) respectively illustrate a

rounded-tooth three-dimenslonal form, and its end view:
and radiation pattern;

30 FIGURE IS represents a radiation pattern; and
FIGURE 16 shows an end view ~f a center-line folded

antenna.
Now referring to detailed forms of the mvention. FIG.

URE 1 is. first considered.' It shows a back-elevational
35 vi~w of an antenna. made '. from a pair of metal sheets

having a thickness that. tapers toward a terminal point 1;,,;
FlGURE 2 shows a side view of the same antenna and'
orients the position of point 12,which is a reference point':
for the system but has no structural existence. The an·',

40 tenna includes half·po~tions 10 and 11 which are gener~:)
aUytriangular in .shape and have respective vertexes ad"i.'
iafent to point 12. Each half-portion 10 or 11 encom-u
passes an angle « which Is bisected by a center line 1301,;,'
1:4, respectively,passing down their center, However, it!,;

45 is ito be noted that neither half-portion 10 nor 11 is sym..:
metrical about its.center line.

'Each half-portion 10 or 11 has transverse teetb extend-:
in~, on opposite sides' ()f an. inner ·triangular.shaped ·seg--'

50 ment that is definedby'.an angle fl. Angle fl is symmetri..'
ca~lypJaced .within an~le' «". '. .. .'. .. .,,'

[The twoplanes ofb:ilf-portions 10 and 11 are oriented,:
ap;artby anangle,y, which can vary fro'Q11ROo to ()O~!;:

increasing angle"" beyond 1800 causes it to repeat. ,:.1;:
'" plurality of teeth lOa, lOb through IOL are formed:"

55 o~ha)f.portion IO;an~ a similar plurality of teeth 11~L'.:
llb through lIL are formed on half-portion 11. In FIG-·,':
U:R.E l,each of the .teeth is trapezoidal in form whenlts l:!
tr~nsverse parallel sides are extended to meetcenter-line,I;',i:

60 13ior 14; and the parallel sides are perpendicular to their iii
center-line.. The tee~h,rary in size and spacing in a loga...i!!
rithmicalIy, periodic, .manner from terminal point 12.j i!
nus. each .tooth ha~p'~ranel sides 21 and 22 with outer] Ii
si¥ 22 being tbe.mo~ distant of the two from poilu!ii

65 12~,Eacb ,tooth isJ)Q?nded on its remaining two sides;!::
by! Jines definingangle.~ .m and p. ..!i:

,The location and siz¢ of the set of teeth of half-portlen] Ii
l~ on the left side of:its., center line 13 will first be defined~ji'
~e locationand size,:?f the remainin~.teeth ... of·tbe an-jill;

70 tenna can then be defi~ed in terms of this set of teeth. I j'
TIte distances, along ;:,:c:~9:ter line 13 between point l~ and +)1

the outer sides 22 of alternate teeth lOa, 10c through 10L:,'

. 1

3,079,602
LOGARITIlMICALLY Pl';RIOOIC RODANTENlSA
Raym~nd H. Do Hamel and Fred R. Ore, Cedar Rapids,

Iewa, assign~rs t~ C~Uins Radi~ C~mpany, Cedar Rap. 5
ids, Iowa., a corporation of Iowa

Filed Mar. 14, 1958, Ser. N~. 721,408
14 Claims. (el. 343-908)

'Ibls Inventionrelates to antennas of a type jhet can
be described as logarithmically periodic, since their struc
ture is repetitive in a logarithmic manner. Such antenrias
are particularly useful because theyare capable of main
taining substantially-fixed radiation patterns and input im
pedances. over a v,ery broad frequency rll,pge, which may
be greater than ten-to-one. 15

The .. general subject of such antennas is treated in a
paper by R. H. DuHamel and D. E. Isbell, titled "Broad
band Logarithmically Perlodic Antenna Structures" and is
found in the 1957 -l.R.E•. National Convention Record,
Part I, of the group on Antennas and Propagation" Micro
wave Theory and Techniques.. This article is only con
cerned with planar logarithmically periodic antennas which
comply with the complementary principle when they are
infinitely extended, The complementary principle re
quires that the same form be obtained when the antenna
structure is interchanged with the planar'.space surround
ing it. That-Is, the complementary principle requires that
when an antenna and' its complement. are added together
a complete infinite screen is obtained. In many situations,
if an antenna has a complementary shape, it may be ro
tated by 90 0 about its center, and it will fill the area previ
ously existing between its elements. If.an antenna is iden
tical to. its principle .it bas 'a constant impedance' of60r
ohms which is. independent of frequency. This is' ex
plained .in .an article by V. :H. Rumsey titled "Frequency
Independent Aritenna"found in the same 1.R.E.records
as the first-mentioned article. It was previously believed
that the complementary principle must. be adhered to in
order to obtain a constant antenna input impedance inde
pendent of frequency.

The present invention deviates from the complementary
principle in several ways and yet.Is able to-maintain a
radiation' pattern and input impedance that are very nearly
independent of frequency over a very broad range. For
example, .antenna structure~ madeaccordmg to this in.
vention need not Hein a single plane" JVhich is a require.
ment of the complementary principle. Furthermore, when
a form of the invention Is made to lie in a single plane,
it need not satisfy. the complementary principle. The in
vention teaches how .a logarithmically periodic antenna
structure can be made entirely with a straight,:,lined con
figuration~ .-

Jhe mvention provides a structure that is logarithmi..
cally periodic from a givenvertei point. . As a conse
qnencersimilar-portlcns m the antenna repeat with a
geometrlc-progresslon relationship 'as .a function of their
distance' from the .. vertex. . Transverse construction lines
in the Invention· can be made Iinear to permit substantial
structural simplifications, particularly.for large .sized an
tennas to extend their range to relatively low.frequencies.

Som~:of the objects of.this inven~ion are the following:
To provide. an antenna which maintains. the same radla

tion pattern throughout an extremely large operating fre
quency, range;

To provide an. antenna which maintains'. a very-nearly
constant .input impedance over. an .extremely large fre
quencr ;range;

To provide a logarithmically periodic antenna with a
radiation pattern that can be madeomnidirectional;

TopJ:'0vide a logarithmically periodic. antenna with a
radiation nattem that is controllably: asymmetric;
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4
smallest,and tooth lOa is the largest. Accordingly, the
smaU tria~gular part 23 of half-portion 10 near v~rtex 12
has no teeth, due to the practical difficulties in making
very.small teeth. However, the outer side 24 of triangular

5 portion 23 performs like the outer side 23 of a tooth. and
it acts electricaUy .like the. smallest tooth of the. antenna.

Half-portion 11 similarly has asmall triangularportion
25 with an outer side 30 that corresponds to triangular part"
23 and its outer side 24, respectively. .'

10 Structurally, the size of ~he largest' and SDialIestteeth
determine the lowest and highest frequency limits, re..
spectively, of the range. '

The high-frequency limit of the frequency independent
range is reached when the lengthofsmallest side 2" or 25

15 from the center-line to its «-boundary.becomes about one..
tenth of a wavelength of the radiated frequency.

On the.other hand, the low frequency limit of ~e range
is determined when the. ,length. of the largest Side 22a,
measured from center-linej.s to its at-boundary, i§,J!.P'"

20 proximately on~-quarter wavelength~ .',: .
Although iii" frequency limits are determined by the

sizes of the largest and smallest teeth in the .~tructure, it
is by no means to be implied that radiation occurs. 0Illy
from these teeth at the respective frequency limits.

25 Rather, radiation at all times occurs from several of the
teeth in varying degrees in a complex' manner.

Ideally, the sheets of metal from which each of the .an
tenna half-portions 10 and 11 is made have tapered thlck~

ness as explained above... In practice,..however, it has
30 been found that stepped thickness can be used to the same

effect, and further that uniform thickness. can be used
without substantiaHy inhibiting the operation pf the an..
tenna for very large bandwidths .of .the order of five
to-one.

35 The ' antenna of FIGURE lean he fed by means of
either a balanced or an unbalanced line, but special pre...
cautions must be taken to prevent the line from interfering'
with the radiation pattern. An unbalanced .lin~ coaxial
cable 29, is used in FIGURES I and 2. In order to pre-

40 vent it from interfering with the. radlation ~attem~it.:18
brought along the solid triangular. port,ion lVithh.t angle
p, with the outer conductor,making cOl1tac~,there\V1th.~nd
it terminates at the apex of half-portion 11. Its Inner .coIl;
ductor 28 extends from the end of coaxial·line29ac:ro~s

4. the space between the apexes of the haff-portlons, and
connects to the apex of half-portion 10. Outer conductor
29 is not at ground potential alongbalf-portlcn 11 but
varies in a manner 'that automatically transduces tile.un...
balanced-line impedanceto a balanced impedance connec..

50 tion for the antenna without unbalancing the antenna pat..
tern. The near-zone electro-magnetic fields associated
with the antenna decrease rapidly as extremity 22a is ap
proached. Therefore, the presence of coaxial line 29 has
little effect on the field and hence on flle balance of

55 the antenna structure. This effectively produces a very..
wide-band balanced feed for the antenna.

Also. a balanced ·line·can be connected. to the antenna
by being braughffOwird the antenna in FIGURE 2 along
the direction of arrow 27. with opposite sides of the' line

60 being connected to the apexes of the respective ,half.
portions. If the transmission line is brought from the
side of the antenna that is perpendicular to the paper Ilt
point 27 ·in FIGURE 2, it Interferes with .the.. radiation
pattern to some degree. which in many cases,lriakes suc~

65 type of connection undesirabw:---- . ..' 0".:
Although each half-portion 10 and 11 is in a respe~

tive plane in FIGURES I and 2, each can also be folded
about its center-line 13 and 14. FIGURE 16 shows an
end view of such antenna where v is 180° and x Is the

70 fold angle between the radical members of half-portion
10 having respective end teeth 22iz and 22b. The figure..
eight type radiation pattern 15 of this antenna Ismade
more omnidirectional as angle x is made smaller. Opti
mumomnidirectienallty is obtained with x between 120·

75 and 130'. As angle" is made smaller the antenna be-

(1)

where tI is constantfor a givenantennadesign.
Consequently, expression 2 completes the gener2-1 de

finition of the set of teeth on the left side of center-fine 13
in FIGURE 1.

The remaining teeth of antenna half-portion 10 can
then be defined, because the teeth on the right-hand side
of center-line 13 have theirsides 22 and 21 aligned with
the defined sides 11 and 22 respectively of the left-band
side, with the teeth on the right-hand-side aligning with
spaces between teeth on the left-hand side.

Furthermore, the teeth on the opposite antenna half-per
tion ·11 are also thereby defined. because half-portions 10
and 11 are identically shaped. Thus, in FIGURE I the
teeth on. the right-hand side of portion 11 correspond to
the teeth on the left-hand· side of portion 10. Likewise.
the teeth on the left-hand side of portion 11 correspond
to the teeth on the right-hand side of portion 10.

Although the half-portions 10 and 11 are constructed
in the-same manner, they are positioned unsymmetrically
with respect to each other in the sense that one is not the
image of the other. This prevents the same antenna re
sponse from being obtained by positioning a single half..
portion over a ground-plane· that bisects angle 1/1.

Expressions 1 and 2 determine a geometric-ratlo se..
quence for tooth sizing and for tooth spacing. However,
they. permit different geometric-sequencies having the
same geometric-ratio to define distances to inner and outer
sidesof atooth, respectively. A particularly useful special
case. occurs when the teeth are similarly proportioned
on opposite sides; and this is obtained when

v=v-:; 0)

When angle 1ft is less than 180°,·an asymmetrical radia..
tion pattern 26 shown in FIGURE 2 is obtained, with the
major lobe. pointing in the direction of arrow 27. The
primary polarization of the radiation is parallel to teeth
sides 21 .and 22.. A secondary transverse polarization is
also obtained, which is small and can be controlled. The
radiation pattern is discussed below in more detail.

Theoretically, an infinite bandwidth from zero to in.
finite cycles-per-second can be obtained for the antenna
by making each half-portion infinitely long, wherein the
teeth become infinitely small as vertex 12 is approached
and infinitely large in the opposite direction. In practice.
finite dimensions are mandatory, and a <finite number of
teeth must be used. Thus, the bandwidth is then no long
er infinites: but nevertheless. extremely large bandwidths
can still be obtained. The number of teeth used in the
given antenna is. therefore somewhat arbitrary. although
generally speaking more thantwoteeth must be used to
obtain a structure which Is Iogarithmically periodic. In
each case. there i$·a practical limit to the size of the largest
tooth, and the smallest tooth also has its limit. Thus, in
antenna half-portion 10 in FIGURE I, tooth IOL is the

3
are represented by distances Rt o R2 throughRLo Any two-.
censecutlve vahres of Rare RN and RN+b ·with the lat
ter being the smaller distance. SimiiarlY"b T2through
TL represent distances of the inner sides of the same teeth
from point·12; and of any consecutive pair of r are TN and
TN+b with the latter-being thesmaller distance. They are
defined by the fcllcwing'expressionc

RN+l TN+ l

r RN TN

where 'J" is a constant less than one, which is fixed for a
given antenna design. _ -

Expression 1 positions the teeth with respect to each
other, along the center-line 'but does not specify the -width
of the teeth. The width of any tooth of the set is the dif
ference betweenR--;-aDd Ta" which are related 1>Y the fol
lowing expression:
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comes more freqnency-sensitive and itS bandwidth de- of each rod .51a and 536 farthest from point 12 is con-
creases. sldered an apex, and each h,a,s.:-a,distance.£1 from line tiO.

We have also discoveredstructural modifications of tbe .With this definitionaf the posItions of the elements ill
antenna given in FIGURES land 2, which greatlyfacili-FIGURE 5, it will be found that their points of inter..
tate the use of the invention. FIGURES 3 through 7 5 section with amter-Iine members 46· and 29 a.lso.satisfy
illustrate sllchmodifications;and teach how the invention expressioost ,and 2 above, "with expression 3 being
can be constructed from conducting rods' or wire while a specific case. Also, it will be noted' that alternate ele..
stilt mamtammg e reqUire 0 fa In c aracteristics(if ments in FIGURE S are parallel to each other; for ex..
the inven 00. It regar to FIGURE 3, rods are used ample, elements Slo and'Slc are parallel, SIb' and sid
to provide an outline of the configuration given in 10 are parallel. and so forth.
FIGURE I. Although the antenna of FIGURE 1 does In FIGURE 5, the apex part of portion 10 is defined
not have an identical complementary structure, it still by rods 56, 57 and 5lLLikewise, in portion 11 the apex
provides a clear distinction between the teeth and spaces triangle is defined by rods 58, 59'and 53L
between the teeth. "The structure of FIGURE 3 is hence FIGURE 2 may also represent a side view of any
even farther from the complementary principle, since the 15 FIGURES 3, 4 and S; wherein their two half-portions are j.
internal portion ,of any tooth defined by rods or wire is separate.dby~e'1'WhiChmay~omO"to'182:..
also a space. Nevertheless, we have experimentallydeter- _The basic tnanguIat-wotli1!it"C5iT g Dlf"{ff--FldORE
mined that the structure of FIGURE 3 operates in sub- S leads to the greatest structural simplification in some
stantially the same manner as the structure of FIGURE 1;. cases over other forms of the invention,- While maintain..

FIGURE 3 also includes two half-portions 10 and 11~ 20 ing the desired operating conditions.' -Thus, the configura..
Half-portion 10 includes a plurality of transverse rods tion of FIGURE 5. as also do FIGURES 3 and 4. penl)it.
32a, 32b through 32L. Similarly, half-portion II com- wjrestructures for very large antennas capable of havlDg
prises transverse rods.33a, 33b through 33L. The rods of extreme. broadbandedness which extends into the lower
half-portion .10 are positioned with respect to the center frequencies. In order to lower the lowfrequency limit of
of the antenna in thesame manner as tooth sides 21 and 25 the antenna range, it is necessary to increase the size of
22 were .located in FIGURE 1. that is, by means of ex- the larger elements of the antenna. Since the width of
pressions 1 and' 2 above. Rod sections 360, 36b the largest transverse element .. approximates one-half

. through 36Lare placed on the boundary of the teeth o~ wavelength of the lowest frequency, it can be realized that
portion 10.· as defined by angle u. Similarly. the teeth; at very .low frequencies the transverse elements can be..
ill. portion 11 have lateral bounds provided by rod sec- 30 come rather large.
lions 37a, 37b through 37L, which likewise are aligned FIGURES 6(A) and (B) illustrate how the antenna
along angle". A pair of rods 41 and 42 are fixed to por-, configuration given in FIGURE 5 can be constructed of
lion 10 along the sides of angle Ii; and rods 43 and 44' wire. It is constructed using three poles 61, 62 and 63
are similarly positioned in portion 11. A centrally posi-: firmly supported uprightly from the ground. Again the
tioned rod 46· is also provided along half-portion 10.i 35 antenna comprises the two half-portions 10 and 11. A
",hile coaxial cable 29 is brought centrally along half-: plural waisted insulator 64 is provided at the top of a
portion 11 with ,its outerconductorconnected to respec- pole 61 and is situated at the apex of the antenna. The
live transverse rods 33.1ts inner conductor 28 exits from' poles are preferably woad so as not to .interfere with the
the coaxial line at the apex of portion 11. and connects: radiation. A pair of hooks 66 and 67 are respectively
to the apex of portion 10. 40 fastened in horizontal alignment to poles 62 and 63 near

The antenna system of FIGURE 4 iaslmilar to that their top. Similarly, a second pair of hooks 'Sand 69'
shown inFIGURB 3 and like portions carry like refer- are fastened with horizontal alignmentto the lower por..
eree numbers, However; in effect,W :smade ero tions of poles 62 and 63. A taunt line 71 is connected
in FIGURE 4 by not providing rods , :.G, 43 and 4 •• i between hook 67 and the upper-middle waist of 'insutator

FIGURE ,S, shows a modification of the antenna of, 45 64. Line 71 consists of metal wire segmentsmechanically
FJGURE 4, wherein the trapezoidal teeth .elementa afi coupled but electrically separated by insulators 72.Sim..
F:IGURE 4 are modified]nto triangular shapes. Thus, ini . ilarly, another line segment 73 is connected between the
F~(}U:RE 5 the .twoante~l1a portions 1'" and .11 are again: upper-middle.waist of' insulator 64 and hook 66. 'Line
confined within ananglee; and like FIGURE 4, there is', 73 is likewise'comprised of wire segmentssimilarly cou..
also provided a center rod 46 in portion 10 of FIGURES, 50 pled by insulators 72. Lines 71 and 73 are structural
and coaxial table 29 along portion 11. In effect, items only and are interrupted electrically by the insulator to
4~,and 29 are 6isect"Orsofangle e, prevent them from having-an antenna function. A di-

Thus, in FIGURE S. portion 10 is composed of trans- electric type of structural line could preferably be used
v~rse rods 51a, Sib through sIL. Similarly, portion 11 for lines 71 and 72. without insulators; however. nodi..
c~mprises .transverse rods .s3a, .53bthrough 53L. The 55 electric material is known which is properly stable under
rads connected at their ends to form transverse triangular tension. The insulators 72 along lines 71 and 73 are
~eth. The outer. apex' of each trianguTar tooth lies.ona positioned to support. the apexes of the' triangular teeth,
dtrtiDing line of angle u. ....•• .' . - . , Transverse wires 51a through' siL' are positioned be..

If jhe antenna of FIGURE S were superimposed} on a tween the supporting lines 71 and 73 with an angle II in
corresponding' antenna of the type in FIGURE I, the 60 the manner defined for FIGURE S~ Insulators 72 con-
aPexes of 'the triangular .teeth of FIGURE S would be nect to the. apex of each transverse tooth along lines de..
located on the lateral sides of corresponding trapezoidal fining a,
teeth. In a like manner. the lower half-portion 11 of the an-

The positioning of the transverse 'rods in FIGURE S tenna is strung between a pair of structural lines 81·and
Ispreferably determined by means of expressions 1 and 65 82. which correspond respectively to lines 71 and '73.
2:,'givenabove. However, the termscf the expressions Thus, lines 81 and 81 are strung between theIower-mid..'
are preferably defined in FIGURE S with respect to the dIe waist of insulator 64 and hooks 68 and 69, respec..

, tively. A central wire 46 connects the elements of Sec..
aJ!Cx points of the transverse teeth. This is done with tiopl0 along the bisector of angle' e, Similarly, a cen..
r~~pect, to antenna. half-portion 10 'by designating its 70 tral wire 47 connects the transverse- elements of antenna
apexes on the right-hand side in FIG:URE S by means portion 11 to bisect its angle e, Centrallines·46 and'41
of':R and by designating its, apexes onthe lett-hand side connect to the upper and lower waists of insulator 64;
btr, The dimensions Rand rare measured from a trans- A balanced transmission line 83 is brought along paler
v~rse line 60 thatpasres through terminal point 11 and 61; It fans away from. the antenna and then is brought
is 'transverse to center-line members 46 and 29. The end T5 directly toward its apex, where the opposite sides of the
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from the center line of a half-portion. Similarly, half
portion 111 includes four radial members 131, 13Z, 133
and 134. Each radial member is included within an angle

from the antenna center line, as shown in FIGURE 8.
In obtaining the spiral-staircase effect; the ·outer edge of
any two adjacent spiral-related teeth, not being 'cut oft' by
the bounding planes, such as IIDe and ItOd, have their
respective outer sides defined by the expression:

8
While theoretically the spiralling can, extend to infinity,
in. practice, it must be finitely terminated. Thus in FIG
URES 8 and 9. termination is defined by planes trans
versely intersecting the center-line of the half-portions 110
and 111·at points equally distant from terminal point 112.

FIGURE 10(A) shows an end view of the antenna of
FIGURE 8. which provides an omnidirectional-type radia
tion pattern 91.

Half-portion. 110 includes four radial members 121,
lZZ, lZ3 and 1%4 shown in FIGURE 10(A), which are
fastened together along the center-line of 113--114 that
passes. through both half-portions. In the same sense,
there are two radial members on the opposite sides of
center line 13 in FIGURE I to define half-portion 10.
The same situation is found in each half-portion in each
of FIGI.JRES 1-9. A radial member thus is confined
within an angle

••

(5)

(4)

..

7
line respectively connect to the ends of Ieads 46 and 47.
The directivity of the antenna system of FIGURES 6(A)
and (B) is the diIeetion of arrow Z7 in FIGURE 6(A)
and provides pattern 2.6 in that figure.

Where it is desired to make the antenna of FIGURE 6 5
have a symmetrical figure-eight pattern, angle '" should
be 1800

• and the entire antenna may be supported be
tWeen· two parallel upright poles in a manner which is
obvious in view of the description of the antenna in FIG
I.JRE 6. A coaxial feed line is then preferably used, as 10
given in the prior figures, -

FIGURE 7 illustrates a rotatable single-mast mounting
of the form. of the invention shown in FIGURE 4. and
like reference numbers are used for like components. The
antenna .system of FIGURE 7. for example. can be a 15
radio-ham antenna which is preferably extremely broad
band to receive manyuf the ham bands. Unlike other
ham antennas, the one in FIGURE "does not require any
tUning for the various bands, and furthermore it main-
tains a directivity which is constant for all bands within 20
ilS range. Thus, if the antenna is designed for a fifteen
to-one range, it Canprovide a horizontally polarized trans
mission at various points in the spectrum between two and
thirty megacycles. In FIGURE 7, the opposite halves of
the antenna, 10 and 11, are supported on rotatable mast 2.
86~The central members 4fj and 47 of antenna portions

. 10 and 11 are step-tapered in cross-section, in order 10
enhance broadbandedness. The taper is largest at ele
ments 32a and 33a and narrows to a point adjacent to the
antenna apex. Also, in order to enhance broadbanded- 30
ness. the largest diameter rods are 31a and '33a, with the
diameters of the rods decreasing as their positionsap
proach the antenna apex.

Mast 86 can be made of conducting material, and when
It is made of conducting material it should be connected 35
to supports 46 and 47 at points midway between any two Hence, distances RN and RN+1 in expression 4 from a
adjacent rods 32 or 33, respectively. It has been found transverse plane passing through a point 11% are given
experimentally that a metal mast does nol Interfere with by R. and a. for teeth 110c and 110d. Similarly, TN
the radiation pattern when it is connected to such mid- and fN+l are taken from the inner sides of consecutive
points, because it appears that voltage-null points exist 40 spiral teeth to satisfy expression 4. Also, the center-line
along rods 46 and 47 at the points midway between ad- distance 'N and RN of the inner and outer sides of any
[acent transverse rods. tooth from point 11% will also have the fixed ratio given

A coaxial transmission line 87 passes upwardly through in expression 2 above, and the special case of expression
mast 86, which is hollow, and passes outwardly through 3 can like wise be satisfied.
a hole 88 in the mast and. has its outer conductor con- 45 Antenna portion 111 is formed in the same manner as
nected along central member 47 until it terminates at the portion 110 except that the spiralling goes in reversed
apex of the antenna as taught with FIGURE 4. Thus, directions for the respective half-portions 110 and 111
its center conductor Z8 extends outwardly and connects looking from terminal point 112. Nevertheless, portion
to the end of central member 46. A dielectric block 89 111 is twisted 180· with respect to portion 110 about
connects the apex ends of half-portions 10 and 11 to pro- 50 their center-line. Thus, tooth 110b corresponds to I11h;
vide mechanical rigidity only. tooth 110c corresponds to tooth l11e, etc., with corre-

It has been found that the center-line conducting mem- sponding teeth being on opposite sides of the common
ber 46 and Z9 in FIGURES 4 and S, and 46 and 47 in center-line.
FIGURE 6 can be removed with some deterioration of Due to the 180D reversal about the center-line of an-
broadbandedness but with substantial broadbandedness55 tenna balf-portions 110 and 111 with respect to each
remaining. Then. balanced transmission lines are prefer- other, the two. half-portions are not antenna images of
able,altbougb a coaxial cable connected along the pe- one. another. Accordingly, one half-portlon cannot be
riphery of the teeth of one side to the apex could also be provided avera, transverse ground-plane through point
used to feed the antenna. 11% to obtain the Sante omnidirectlonal-type response

FIGURE 8 illustrates an omnidirectional form of the 60 which is obtained with the two half-portion. disposed as
invention. With an oversimplification of statement which shown,
will be realized shortly, FIGURE 8 comprises two an- Although there are four radial members used in each
tennas of the type shown in FIGURE. I positioned in half-portion of FIGURE 8. actually. any number greater
space quadrature. The oversimplification referred to is than two can be used, and the same rules apply for pro-
that such two antennas do not have corresponding teeth. 65 portioning adjacent teeth in the splral-stalrcase manner.
That is, the quadrature plane antennas have their teeth The dimensions of an antenna having m number of ra-
differently placed. A picturesque manner of describing dial members per half-portion can be fOUnd as follows:
the positioning of the teeth of each antenna half-portion 1 RN+1·· r~tl'+1
110 and 111 in FIGURE 8 is 10 say that the teeth of t";n= RN =-r;;-
each provide a spiral staircase leading to; the antenna ter- 10
minal 112. The spiral effect is shown' in FIGURE 9, Where three radial members are used in each half-portion,
which shows a logarithmic or equiangular spiral devel- an end view is shown in FIGURE IO(B). Extending the
oped on a cone. Thus, one would have an antenna of rationale to five radial members per half-portion, an end
the type in FIGURE 8 by passinglWo transverse planes view is given by FIGURE IO(C). This can be extended
118 and 119 along the axis of the cones in FIGURE 9. 15 to any number m of radial. ",elllbers with the u1timato
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limit being the spiral-grooved cones of FIGURE 9 as the
number m approaches infinity.

The omnidirectional-type patterns such as patterns 91,
92 and 93 in FIGURES IO(A), (B) and (e) are slightly
distorted according to _the number of radial members used 6
per ,antenna portion. ',However, this deviation from a per
feet omnidirectionality _is, generally small and not objec
tionable in practice. while at times has definite advantages.

FIGURE 11 is basically the same as FIGURE 8 except
that It is made of wire network which simplifies construe- 10
tion _in -many cases. "Ihus, the individual radial sections
of FfGURE 11 are outlined by wire to form the toothed
configurationaf FIGURE 8. The transverse rods in FIG
URE 11 do not intersect the coaxial cable 114, but merely
fasten to its outer conductor, _.In practice; the rods are 15
continuous and coaxial line 114 'and center-rod 113 lie
in a corner '()ftheircross~overplanes. 'Ibecenter-con
dudor.128 connects to the apex end of rod 113"which
can be.asolid conducting/ad.

The antenna network of i'IGVRE 12 is a triangular. 20
toothed versionaf the form in FIGURE 11 and has simi
larities ~o FIGURE,S. Accordingly, the variation from
11 and 12 is similar to the variations from FIGURES 4
to 5..

In',regard to 'the' three-dimensional' structures, given in 25
FIGURES 8 through 12, it was stated above that op
posite half-portions are not images. However, when the
entire' antenna ,assembly having both halves is, erected
avera ground plane, the image of the entire antenna is
view in the ground plane and this,does not interfere with 30
the radiation pattern.

FIGURE l4(A) illustrates a rounded-tooth version
of the form, of the Invention given in FIGURE 8. FIG
URE I4(A) differ. from FIGURE 8 in that in FIGURE
l4(A).',the" edge, of' each tooth is a segment of a' circle 35
abour.termlnal point 112. Thus, dimensions RN and'N
in FIGURE 14(A)· are .taken frnm point 112 of the an
renna taany .point along a .respective tooth 'edge., An
improvement •in', the' omnldlrectlonality of the radiation
patternwas found in the rounded-toothed version of FIG- 40
URE 14(A) over the previously straight-toothed version
nf FlGURES8, !land 12. Thus, the circular radiation
pattern 94 shown in FIGURE 14(B) is obtained about
an end view of the 'antenna given-in 'FIGURE 13(A),.

FIGURE 13 illustrates a modified version of FIGURE 45
I. Unlike FIGURE I, where all the teeth have their
inner alldouter edgesperpendicular to center-lines 13 and
14, the, teeth in FIGURE 14 have: their outer and 'inner
sides 22 and 21 intersect center-lines, 14 and 13, at .an
angle ,6. The points of intersection: of the tooth, edges 50
with the 'center, line are determined in the same manner
as was given for}·IGURE I. That is, the points of inter
section are determined by expressions land2 above.
Otherwise the antenna in FIGURE' 14 is the same as that
shown in FIGURE. 1, and a corresponding radiation pat- 55
tern is. obtained.. The angle'6 may, beproportione,d as
desired, but better. performance is taken if the teeth drop
toward terminal point 12.

FIGURE 15 illustrates the forward radiation lobe of
the antenna. There will also be a backward lobecnot- 60
shown here. The backward lobe is equal to the forward
lobe only whenangle 1/i is 1800

• As t/J' decreases, the back
ward lobe, decreases, and accordingly 'the front-to-back
intensity ratio increases. .Thus, .by making J/!. small, the
back lobe is made minor in comparison to the forward 65
lobe, and .can be made to have an intensity of twenty
or thirty decibels below that of the,Jorward' lobe.

Antenna 150 in FIGURE 15·is illustrated with respect
to x, y and z coordinate axes. These, axes intersect at
the apex t,erminal point lZof antenna l~O~ Thus, axis 70
x aligns centrally with the entire antenna structure to bi
sect anglew. Axis y 'is parallel to the transverse rods of
the antenna, which is of the type shown in FIGURE 4.
The radiation E-vector is parallel to they axis. A~cord

ingly the xy plane will be called tbeE-plane. Further- 75

10
more, the radiation H-vect6r is paraUelto the .t axis, and
the xz plane is called the Hsplane,

When angle J/! Is decreasedIrom.f Se" toward zero with
all other parameters' remaining constant.ithebeam-wldth
151 of -the E-pl:me' pattern remains substantially fixed.
However, the beam-width 152 of the Hcplane pattern in
creases in beam-width. Furthermore; thefront-to-back
ratio increases. The Hcplane variation is a first order
effect with variataion of ",.

When angle. e fs decreasedwith all other parameters
remaining constant including angieI/!, there ba small
second-order decrease in.&-plane beam-width 151. How-.
ever, there is a first-order decrease in H-plane beam-width
152~ Nevertheless, there is, a practical limit to decreas
ing angle e without Increaslng e. The limit can be speci
fiedapproximately by referring to a parametere which
relates tooth width S to tooth length L, shown in FIG·
URE IS,according to. the following expression: .

8.=:c; (6)

It has been found desirable to maintain r equal to or less
than 0.6.

If the 'tooth-spacing ratlo v of expression 1 above is
mcreased .while all other .parameters remain' fixed, the
number of teeth, of course,' increases for a given sized
antenna; As a consequence,. both. beam-widths 151 and
152 in .the Eand .Hcplanes, .. respectively. decrease in '8
smallc,orresponding amount, which is a second-order
effect.

Although this invention bas been described with respect
to particular embodiments thereof; it is not to be so lim
ited as changes and modifications may be made therein
which are within the full intended 'scope of the invention
as defined by the appended claims.

We claim:
l.A straight-toothed 10garithmicallyperiOdic antenna

comprising two half-portions, each ·ccmprising two oppo
site radial 'members connected along the central part of
their half-portion,' the two.half-portions. bounding a solid
angle '/land being generally triangular in shape and hav
ing adjacent apexes; each of said radial members"being
bounded.by an apex angle

,.
2"

frema line along the central part of eitherbalf-portion,
first and second center-conducting members respectively
extending from the apexes. to the ends •• of the respective
half-portions along their central parts, each balf-portion
having a plurality of .. rods cross-connected to its center
conducting .. member arid terminated by the bounds of. its
angle ,.

2"
connecting means provided at the ends of said transverse
rods along the outer boundaries of each angle

,.
2"

afeach radial member, respective teeth closed by· said
connecting means, the. connecting. means on opposite
radial members cf each half-portion being staggered with
respect to each other, the distances .along a .radial ,from
the apex of .said transverse .rods .of each radial member
being a geometric sequence, and a transmission line "hav
ing opposite sides connected' to the, respective apexes of
said two half-portions. .

2. An antenna as defined in claim lin which thediam
etersof said rods are proportioned to thelr distance from
their apex,

3~. An antenna as.defined in clahn f In wblch alternate
radsof each half-portion are parallel.

4. An antenna as defined in claim· I in which both
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said center-line, each of said teeth having its outer side
bounded by angle

the teeth of-the radial members of. anyone half-portion
arranged along a conical logarithmic spiral from the apex
of the half-portion.

1i. A triangular-toothed three-dimensional antenn~

10 as defined in claim 10 in 'which each of said antenna half
portions is formed from wire aligned with the periphery
of said teeth, a central wire being provided along the
center-line of each of said half-portions and connecting
to the wires forming its teeth that cross said center-line.

15 12;'An"tlntenna'8S- defined in claim 11 iri which four
radial members are provided for each antenna half.
portion.

13. A three-dimensional rounded-toothed logarithmi
cally periodic antenna comprising two half-portions sym-

20 metrically aligned about a center-line passing through
said antenna, with each halt-portion having an apex, and
said apexes being closely adjacent altl1.pugh separated
from one another,. a transmission line having opposite
sides congected to' the. respective' apexes, a .plurality of

25 more than two radial members comprising each half
section, each radial member .. being generally. triangular
in shape and having an apex at. the apex of its antenna
half-portion, with each radial member having an apex
angle of -

30

11
antenna balf-portions and their radial members lie in
the same plane;

,. An antenna as defined in claim I in which a plural-
ity of rod portions comprise said connecting means, with
said rod portions of each radial member being, aligned. I

6. A triangular-toothed logarithmically periodic an
tenna comprising opposite antenna balf-portions,each
half-portion being in a respective plane and having a
generally-triangular shape, said half-portions having ad
jacent apexes and being bounded by, a respective apex
plane-angle, Ct. ,the respective planes being oriented by a
solid-angle !fl. a respective conducting center-member pro
vided with each half-portion and positioned along the
bisector .ef its angle Q';~ a plurality of rods connected across
said center-member of each half-portion, adjacent rods
connected' at, their ends aloog the boundaries of angle ex
and there terminated, alternate rods beingparallel, the
distances from the apex of eacb balf-portion to the oppo
site ends of each of its' rods having a geometric-sequence
ratio e.

7. A three-dimensional straight-toothed logarithmi
cally periodic antenna comprising two opposite half·
portions which are aligned along the same center-line,
each balf-portion triangularly tapering til an apex, with
the apexes of both half-portions. being closely adjacent, a
transmission-line having opposite sides connected to the

.- respective apexes, each half-portion having more than
two radial-toothed members symmetrically connected
along said center-line, the teeth of each member extend
ing outwardly from the cehter-line of its half-portion,
eacb radial member baving an apex angle

.,

'.
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a plurality of teeth formed in each radial member, with
each tooth having inner and outer sides which are circu-

35 lar about its apex as a center. the teeth of each-half
portion arranged to form a conical logarithmic spiral
from its apex, the distances. of. adjacent sides of adjacent
spiral teeth. having a fixed ratlo.e, the opposite antenna
half-portions being formed in the same manner but being

40 rotated 180 0 with respect to each other about the center
line.

14. A curved-tooth three-dimensional antenna as de
fined in claim 13 in which each half-portion includes four
symmetrically placed radial members.

"Broadband Logarithmically Periodic Antenna Struc
lures," by DuHamel and Isbell, 1957.IRE National Con..
vention Record. Part I. pages 118-128, Marcb 18. 1957.

"Frequency Independent Antennas," by Rumsey IRE
60 Convention Record, Part I, pages' 118-128, March 18

1"~ .
'Logarithmically Periodic Antenna Designs," .by

DuHamel & Ore 1958 IRE NationalConvention.Record,
Part 1, (March 1958). page 140.

65 Book, Very High Frequency Techniques complied by
Radio Research Laboratory of Harvard V., McGraw
Hill, 1947, vol. I, pages 2 and 3 relied upon.

..
"2

..
2

measured from the center-line, a transmission-tine having
opposite sides connected respectively to the apexes of said
antenna half-portions, each .radial member comprising a
plurality of triangular teeth positioned transversely from

with respect to its . center-line, the teeth of said radial
members of each half-section aligned along a conical
logarithmic spiral beginning at the respective apex of
each half section.

8. A three-dimensional periodic antenna as defined in
claim 7 in which the thickness of the radial sections in
creases linearly from the apex of each antenna .half-
portion. r •

9. A three-dimensional periodic antenna as. defined in
claim 7 in which said teeth are formed of rods located
along. the periphery of said teeth. a respective center rod 45
positioned along the center-line of each of said half
portions and connected to transverse ones of the rods
forming said teeth.

10.. A three-dimensional logarithmically periodic an
tenna comprising a pair of half-portions aligned along a 50
common center-line, each half-portion formed in the same
manner as the other but one rotated 1800 about the cen
ter-line with respect to the other, each half-portion having
an apex, .. with the apexes being closely adjacent, a re
spective center member of each half-portion passing along 55
its center-line, more than two radial members provided
iii each half-portion and being symmetrically disposed
around their center-line, each radial member having a
triangular shape and a common apex, each radial mem
ber bounded by an apex angle of
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AN ANALYSIS OF THE LOG-PERIODIC DIPOLE ANTENNA

The log-periodic dipole is a linearly polarized frequency independent
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t nntenna of moderate gain. By frequency independent, we mean that the observable

characteristics of the antenna such as the pattern and input impedance vary

negligibly over a band of. frequencies wi thin the design limits of the antenna, ..

and this band may be madearbitrarily wide merely by properly extending the

geometry of the antenna structure. The band limits of a given design are

determined by non-electrical restrictions: size governS the low frequency

limit and precision of construction governs the high frequency limit.

This paper presents a mathematical analysis of the log-periodic

antenna which leads to a simplified picture of the mechanism of radiation

from these types of structures. Graphs and nomograms which enable one

design a log-periodic dipole antenna oVer a range of the parameters that

control the input impedance, bandwidth, gain; and antenna size are alsO

presented.

2. DESCRIPTION OF THE LOG...PERIODIC DIPOLE: ANTENNA

The LPD antenna, shown in Figure 1, consists of a plurality of parall~l,

linear dipoles arranged side by. side in a plane. The lengths of the dipole

elements and the spacing between elements form a geometric progression. The

common ratio T is defined in the figure. The spacing factor a is defined as

the distance in wave lengths between a half-wave dipole and Its next; smaller

... Presented at the loth Annual Symposium on the USAF Antenna Research and
Development Program, 4 October 1960
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neighbor. a is related to T and a by a = 1!4(1-T) cot .a. The elements are

energized from a balanced, const~nt impedance feeder, adjacent elements being

connected to the feeder in an alternating fashion. The antenna may be fed by

a balanced line connected to the small element end. Alternatively, a coaxial

line running through one of the feeders from back to front may be used, the

center conductor being connected to the other feeder as shown in Figure 2.

In the latter method, the antenna becomes its own balun. Radiation is'end-

fire in the direction of the shorter elements. When the oper!l-ting frequency

is within the design limits, the feeder currents behind. the longest

ate negligible; hence, the t ermtna t ron has littleeffect.

3. FORMUIATION OF THE PROBLEM

,
1

The LPD antenna was invented by Isbell at the University of Illinois

in 1958. At that time he speculated that since the LPD is made of conventional

dipole elements, it may be amenable to analysis in terms of the known properties

of dipoles. This paper presents the first mathem!l-tical !l-nalysisof the log-

periodic dipole antenna.

Theapproach is taken t ha t the antenna may be divided into two par t s for

the purpose of simplifying the analysis. Determining the unknown fields of

the dipole elements constitutes the exterior part of the problem. In this part

we are primarily interested in·the far field radiation pattern produced by the

currents on the eLement s., The unknown voltages and currents along the feeder

constitute the interior problem. Since the transverse dimensions of the feeder

are small compared to wave length, its princip!l-l function is to gUide!l-nd

distribute the energy to the r!l-di!l-ting elements. The feeder furnishes us with

the circuit properties of the !l-ntenna: impedance, volt!l-ge, !l-nd current. Thus,

circuit theory techniques can be used in the treatment of the feeder.

I

I

I
I

I
I
I

\

., i

i

I
I,
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elements with the feeder is equivalent to the parallel connection of two N

Insofar as the interior problem is concerned, the connection of the dipole

5

THE INTERIOR PROBLEM4.

terminal-pair circuits. One circuit consists of the feeder with alternating,

properly-spaced taps which represent the terminals to which the elements are

:eventually attached. The feeder circuit is shown schematically in Figure 3b.

"" I

Note the inclusion of a terminating impedance \..:, \ is arbitrary and can be

varied to test for end effect. The parameters which describe this circuit

h
I':

I:
I
! 'i

(1)

0-- --- - --0

Y Y Y 0-------032 33 34o

----~--------------------

-------------------------

0---------------0 Y Y
NN-l N

are: jVo' the feeder characteristic impedance; B
o

the feeder propagation constant;

0, T, and dl which determine the spacing; and N.

Consider the admittance matrix of the feeder circuit Y
L

and its inverse

- --1
ZL =YL

j being shorted. The short circuit restr.icts current flow to sections of line

YL is given in more detail in Appendix A. It becomes evident why all the elements

off the diagonal by two or more are zero when We consider that Y
i j

is the

current in terminal i due to a unit voltageatj, all terminal-pairs other than



adjacent to the terminals to which the voltage is applied, The Yij'S are

trigonometric functions. Note the convention for the direction Of Current

and voltage at the terminal-pairs.

The fields of the dipole elements determine the driVing point impedances

::1
:11

ill
ill
:J!
':il

:Ji
,-'

of the elements which shunt the feeder. The circuit properties of the elements

(3)
- --
I

L
~ Y

L
Vj[, ,

The follOWing relations obtain:

Y Y Y -------11 12 13

---~~-------~-----YNN

_____ M _

be

are described by an N terminal pair circuit as shown

- - -1matrix with ZA ~ YA •

The Yij's represent the element to element coupling, the range of which extends

throughout the antenna. The Y's are complex functions of T, a, hI' and alh,

the radius to height ratiO of the dipole e Lemerrts, The method used to..determlne

the y's depends on an assumption of the f~rlU of. the cur-rent. on a dipole, See

Appendix B.

where ILand VL are column vectors which represent the l( driVing currents and

response voltages respectively of the feeder circuit, AlSO,

where I A and VA are column vectOrs which represent the Ndriving currents and

response voltageSof the element circuit, If the c"rresponding terminals of



(9)

(8)

(5)

(7)

..

1

o

o
o

=

We may set the driVing current equal to one ampere.

7

to the new circuit of Figure 3b; However, in the actual antenna all these

currents are zero except the current at the feed point which is the driVing

where U is the unit matrix. The elements of I represent the input currents

I = (fA + YL)ZA I A
or

I = (u + Y
L

ZA)IA

Therefore,

current of the antenna.

We are interested' in I AI the base current to the antenna terminals. Therefore,

V
L

is set equal to VA and factored,

the feeder and element circuits are connected in parallel, a neW circuit is

VA or V
L

since they are equivalent. The driving current vector of thene~

circuit is now the sum of I
A

and I
L

due to conservation of current ata node.

If equations (3) and (4) are added,

obtained as shown in Figure 3c. The response voltage vector is equal to either

t

~.
!
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Equation (8) must. be solved for IA• This can be done by inverting the

IIStrix T,

or by solving directly the set of simultaneous equations posed by (8). The

latter is easier to do in terms of computer time alld accuracy due to the "

simplicity of 1. Once I
A

is determined, VA can be found by

Note that the Nth element of VA is the voltage across the smallest dipole;

it is also the input impedance of the entire antenna since. we assumed one

ampere of input current.

5 • THE EXTERIOR PROBLEM

The far field radiation pattern can.be calculated onCe the element base

currents IA are known, using ordinary array theory. The magnitude of the H

plane pattern is given by

(11)

N
r:

n=l

i (I-cos Bh )
An n
sin Bh

n
(12)

The magnitude of the E-plane pattern is given by

N
sine r:

0=1

i A [cos(Bhcose)-cos
n . n

sinB h
n

The coordinate system used is shown in. Figure

origin to the nth element.

the distance from the
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6. THE COMPUTER SOLUTION

The above formulas wene programed in complex number arithmetic for use

of the ILLIAC. a high speed digital computer operated by the University of'

Illinois Graduate College. Because of the large amount of intermediate results

which must be stored in the: fast access electrostatic memory (capacity 1024

forty bit words) s the program was split into six different parts, each stored,

on the Illowaccess magnetic drum (capacity 16,384 forty bit words). They are

1. Input: The descriptive parameters of the antenna are read irito ILLIAC.

2. Computation of ZA

3. Computation of Y
L

4. Matrix mUltiplication of Y
L

ZA and solution of I ~ TI
A

5. Output IA,multiply ZA I A = VA and output VA

6. Pattern calCUlation and scope display of patterns.

A control program calls each section into playas needed.

The input and basic output of the,computer is by perforated paper tape

which is translated by a teletypewriter. The patterns are calculated point by

point and !,re plotted by the ILLIAC on a scope to which is attached an autiomatnc

35 Mm. camera. The camera takes a picture of the, completed pattern and

advances the ,film into position for a new exposure. The details of. the

programing are not of general interest and will be omitted.

7. RESULTS OF COMPUTATIONS AND MEASUREMENTS

A. Patterns

An example of thElcomputed patterns is

frequency,

f = f T1- j
j 1

delnot:eS the

(14)



, ~,

, \

12

E- PLANE

,'4 3/
4

H- PLANE

'E- PLANE

'5
H- PLANE

E- PLANE

. f. 7

H- PLANE

E- PLANE

fa

H- PLANE

,
"' .......,. I
.~ /

I

! , ....... "

.
,

~..,....." ...

I

! ~--'\

II
,,~7

II •. II

i V"'.
,

1"- ..... I

I
I

""~\.:1 r-iI

. 0: I..J

'~6~ :~ PLANE

E - PLANE'

E- PLANE

E- PLANE

'3
H- PLANE

E- PLANE

'4
H-PLANE

E- PLANE

f4~4

H- PLANE

E - PLANE

f4~2

H - PLANE

Figure 5. Computed patterns T = .888 Q = 11.5°
d

z0 = lOon, ZT. = short circuit at 2 from biggest element
T

" ,
.

/ ...... ,

I
,..., .•... / ,

I
I

I

~\I

,.~! il

'",

I -"' ........,.,
'.,........./

. .

~
!

\ '-.../ I·

.

I
'/""I

·' ....M...'

. -13

's



13

long.

(16)

of resistance,

break-up is observed at f s ' the high frequency limit. Other patterns show·

that the directivity depends only Slightly on the feeder impedance; increasing

A typical locus of calculated input impedance versus frequency On a Smith

beam width and larger E-plane beam width than the calculated patterns.

antenna. Several of these patterns are compared to the measured patterns

•Frequency independent behavior is observed over the design range of the

where f
l

is the frequency at which dipole number one is a half-wavelength

1n F1gure 6. In every case, the measured patterns exhibited smaller H-plane

data over the ranife of the variables T and a.

R, To determine R ,one draws a. circle around the cluster. Its intersection
o 0

B. Input Impedance

1nd1vidual elements. At present, data is being collected to extend the

be increased by increasing the radius to height ratio of the elements; This

chart is spown in Figure S. The ~oints cluster around a mean resistance level

1s due to a widening of the "active region" by the greater bandwidth of the

wlth.the resistance a~is determines the minimum and

feeder impedance somewhat decreases the gain. Figure 7. Shown that the gain can

R is then given by
o

1n Figure 9. Several measured points are also shown. The mean resistance level

The standing wave ratio. with respect to R is given by
o

SWR ~ j::::
Aplot of Rand SWRas a function of feeder characteristic impedance is given

o
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line mode is evidenced by the vol tages

transmission line vol t.ag e , V
L

differs

18

18 almost linearly related to the feeder impedance, a fact which is useful in

tbedesign of these antennas fOr particular applications. The trend for vlirious

values of T and (l is being established • Some calculated results are shown

1
Figure 10. These values agree with those published by Isbell, in WhichRo

decreases with increasing T and Increasing 4.

C. The Transmission Wave

The mechanism of the transfer of energy from the feeder to the radiated

field leads one to consider two types of waves on the structure, as first

2
out by Bell, Elfving,and Franks.. One wave travels along the feeder in

direction of the larger elements. This is called the transmission wave.

Tbe other wave travels from the active region to and beyond the tip of the

antenna. This wave is called the radiation wave because it. manifests itself

In the radiated field.

As the energy is launched from the feed point onto the small element end

of the antenna, a TEM type wave is set up, supported by the feeders and the

small elements which load the feeder log-periodically. This transmission

-+ . -+VL along the feeder. (V
L

is the true

-+. ··· ..···0
from VLby an additional 180 phase

In every other element due to the alternating feeder connection). A plot of

tbe measured magnitude of the feeder voltage is shown as a function of normal~

ized distance from the apex in Figure II,

location of each element is also plotted.

-+The calculated vOltage VLat the

The results are in good agreement;

Tbe plot shows a steadily decaying voltage away from the feed pOint to the

sbort circuit wht chrternd na ts the feeder beyond the largest element, The

phase measurements are yet· to be completed, The calculated phase variation is,
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8, DESIGN PROCEDURE

efficiently coupled from the feeder to the radiating elements in the active

(

largest

v·
c

6 -

region become predominately real as shown in Figure 14. Thus energy is

the radiation wave. The driving point impedance of the elements in the active

where va is the apparent phase velocity of the transmission wav~ andvc is the

velocity of light in the medium. 6 is a function of the feeder impedance as

For most applications one is usually interested in deSigning an antenna

tlons on the boom length (the length of. the feeder from smallest

D, The Radiation Wave

region. The element base currents in the active region rise to a peak some-

which exhibits maximum gain over a given frequency band compatible with limita-

what ahead of the resonant element, and then drop off rapidly as shown in

energy from the transmission wave to the radiated wave has been accomplished.

Figure 15. The phase change from element to element in the active region is

directly related to the radiated wave, it can be eoncluded that the transfer of

In the end fire direction with 6 = .378. Since the element currents are

also shown in Figure 15. The slope of the curve implies a slow wave traveling

.hown in Figure 13. The slow wave nature of the transmission wave has been

2
verified on a different type of.LP structure by Bell, Elfving, and Franks

.hown in Figure 12, yielding a phase change linear with distance. The slope of

thiS curve is related to the relative apparent velocity of propagation 6.

The element base currents IA in the region of half-wavelength elements

(the "active region") provide a connection between the transmission wave and
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element) and the input impedance. Other limiting factors may be the number of

elements and the weight, which in turn could depend on the a/hratio. We must

assume that the boom length is great enough to support a well formed active

region over the frequency band. This will be discussed in more detail later

Assuming that the boom length criterion is met, the gain of an LPD is

l1minary choice of, T and A.. The spacing ratio (Jis then determined through

extensions of this work to be pUblished by the author), we can make a, pre-

determined primarily by T and n ,

t~e formula

1Examining the work of Isbell . (and

,
Ii
l'
"
"j,

a = i (1 - T) cot a. (18)

a nomogram of which is shown in Figure 16, Preliminary reSUlts of extending

gain vs. T and a. curves indicate that a is in the range from 0.1 to 0.15

for maximum gain, although satisfactory performance is observed from 0.05

to 0.22. T should, be greater than 0.75 for end-fire frequency independent

patterns. !

l"

The bandwidth B and a determine the boom length relative to the loW

hsnd limit and an element 0.38 ~ i long at the high frequency band limit,
m n

whose active region must contain an element 0.47 ~ long at the low frequency
max I,':,

j':: '
!

(19)J!=- = } (0.47 - O.~8) cot a.
max

where B is the bandwidth ratio. A nomograph of Equation 19 is shown in

frequency wavelength through the formula

Figure 17. EqUation 19 is a semi-empirical formula, based on an antenna

This formula applies to mid-range values of T. For T greater than 0,90 the
•

active region must contain an element shorter than 0.38 ~min at the high

frequency band limit, LI~ mUst be at, least 0,5 for satisfactory operation,max

j
I:
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(20)

(21)

(22)

(23)

which will yield a given R •
a

64a
, 2 Z2

)a

Z
a

log 1.237 B
1

log :r

(I' = a
IT

+ /1 +

8 a'

h
= 120 (In - - 2.25)a

N = 1 +

Z
a

~ich is based on the same assumptions about the active region as formula

19, A nomograph of equation 20 is shown in Figure 18.

.0 a readjustment of T and a may be necessary. Once Tand Q have been settled,

the,number of elements can be determined' from the formula

An approximate formula for the mean resistance level R has been found
o

which agrees within ~ 5% of the measured and computed results to date, Its

29

capacity per unit length to the feeder in the transmission wave region of

derivation is based on the assumption that the small elements add a constant

the antenna. Once a and alhis determined, the formula' can be used to

determine the feeder characteristic impedance

where

Is a mean spacing factor and

Is an average characteristic impedance of a short dipole as a function of the

dipole "thi!,kness" ratio alh. The derivation of EqUation 21 is given in

circles in Figure 9.

Appendix C. Values of R according to Equation 21 are plotted as smalla
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Thus we have the formulas needed to design a log periodic dipole antenna,

.,.r.dJng wave ratio with respect to Ro as a function of antenna parameters,

APPENDIX A. ELEMENTS OF Y
L

-

The admittance matrix for One section of transmission line of length d,

r
b

(24)
(3d J
(3d

csc

cotj Y
o

+ j Y
o

cot (3d

esc (3d

Y
o

Y
o

[- ~
+ J

e!l,~ nocographs are particularly useful, sihce they allow one to work out

'~1 proliminary .des Lgns without resorting to calcUlations, In the future

• Hildy will be made which will hopefUlly lead to a simple formula for the

t1;Opagation constant (3, and characteristic admittance Yo is

:1 a series of these,sections are connected in cascade along with the terminat-

I~ admittance YT, as shown in Figure 3b, the fOllowing matrix reSUlts,

..

. '

(25)

• •• 0

• '. ii' .0

., ,

" .'
.

o

o

.
-jY0 csc (3d

2

o

TTl the terminating admittance, has been added in ,Y
l l,

\IS the admittance matrix of the complete N terminal-pair feeder circuit as

Ihown in Figure 3b.

r

~

l 0
,
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APPENDIX B. ELEMENTS OF ZA

The self and mutual impedances are calculated according to the formulas

3 4
~I' Drown and Cox as reported by King. The following approximations are

Mdo:

1. The elements are infinitesimally thin in the calculation of mutual

I~pcdanees. This means that'the current lit a cross section of the actual

~lpole has been replaced by an average current concerrt.ra t.ed at the center of

11.0 erO,ss-section.

2; A sinusoidal current d Ls tz-LbutLon is assumed over the length of

~lpo1e. This is a valid assumption as long as the dipole is reasonably

IhAn a full-wavelength long, the aocur-acyrbedng greatest for half-wave and

llIorter dipoles. We can ensureuccurecv by> always operating the computer

1«101 antenna at frequencies for which no ,full wave dipole exists on the

t.lructure.

3. The mutual term involves only the two elements considered; i.e.,

Inlervening effects of neighboring elements are neglected.

4. The self impedances are calculated from the same formulas as

(26)

~.tuals; the spacing is set equal to the thickness of the dipole,

4
After rearranging the formulas of King we obtain the complex

conjugate of Z12
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, "

*ro Kx = Ci x + j 5i x,

C1 x and 5i x are the cosine integral and sine integral functions. Also,

, ,~.,

v = 13 ( Jd2+ (h
l

+ 2
(h

l
+ h

2)
1h2) ,+0

u' = 13 ( !d2 + (h
l

_ h )2
~ (hl - h

2
»)0 2

v' = 13 ( )d2 + (h
l

_ h )2 + (h
l

-h
2

»)0 2

u
l = 13 (jd

l
2 + h 2 - h )1 1

= j3 (jd2+ 2
h
l)

v
l hl +

". 'I ':'

I
I

where 13 1s the free space propagation constant, d is the separation of the

(27)
Z = fld

, .', ,



APPENDIX C. APPROXIMATE FORMULA FOR R
o

It 1s an established fact that' the standing wave ratio with respect to

* or Il well made LPD is small, usually less than 1,4:1, The small standing
,~

~~. ratio is observed no matter how severe the front truncation, as long as

••"II-tormed active region remains on the antenna. These two facts suggest

i~t the observed R
o

is actually the characteristic impedance of a transmission

11110 made up of the feeder and the small elements, and that the active region

I' Il good match to this transmisSion line.

It we consider the capacitive loading of the small elements, we note

tllIlt the capacity is proportional to the length of the elements and that the

tplclng d
j

of element j is proportional to the length of element, j. As

IS approximation, then, the capacity per unit length is constant. Thus we

~d to the nominal capacity per unit length of unloaded feeder a term which

~presents the capacitive loading of the small elements. Consider the

lpproximate formula for the input impedance of a dipole

Z = - j Z cot I3h .a
(28)

Z is an average characteristic impedance of the dipole.
a

dipole is small, 13 is the free space propagation constant. We may

This is Jordan's5 modification of a formula from Siegel and Labus6• If the

Za = 120 (In; - 2,25)

(30)
Z

a
j I3hz··.·.·~

replace the cotangent function by its small argument
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1horelore the capacity of the n-th dipole is given by

thoro c is the velocity of light in vacuo. If we use the mean spacing at

dipole nJ

(31)

1 :,
'i .,

l.i
\ I'
\"
( :, ,

I
~:
" I
/11

:1
I kl
Ai
b'
I
A
r
o
R
iI

(33)

. (32)

(34)

(85)

(36)
•

,

1

..{T
4C cO2

o a

,

1c'" _

ji, ~
00

.and

1 dnCJ =-_
4 h

n

..;T
Ll. C = 4CZ

a

Cn hn JT
Ll. C '" -...::,._ '"

length cd Z
n a

d

dmea n '" /dndn:':l '" ~ ..

~o

Ibo average capacity per unit length is given by

llIlt Ii Id is related to the spacing factor (] byn n

hnce

SInce
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36

(37)

(38)

(39)

(40) .I

•

to
+ -Z

a

R=~
o .;;;;

(3L = (30 ..fBi

m = 1

~ibt IIOW propagation Constant f3
L

is given by

111-.,., "0 have a formula for the mean resistance level R and the propagation
. 0

q"lUlant in terms of the spacing parameter (J, T and the a/h ratio,

Inverting the formula to find the feeder impedance ~o in" terms of R
o

'

"JI'f find



"

•
,
r;

of Unequal Heights,"

R E F "•. ranks, Near Field Measurements on a
A t " En enna, lectronic Defense Laboratories
EDL-M231, December 23, 1959.

ACKNOWLEDGMENT

"A ' "Labus" pparent Resistance of Antennas, Hochf, und Elek.,
1934.

and J,
p 166,

'11118 work was sponsored by Wright' Air Development Division under Contract'

~,' 11.1. King, "Mutual Impedance of Unequal Length Antennas in Echelon," IRE
Trlns. on Antennas and Propagation, Vol. AP-5, pp 306-313, July 1957.

~", 0,1. Isbell, "Log APper;odic D26iPoole67ArMarays," IRE Trans. on Antennas and
rr"'jlAgation, Vol. -0, pp -2, s, 1960 also University of Illinois
~~I~nna Lab, Technical Report No. 39, June 10, 1959.

REFERENCES

31

t. .,L. Dell, C,T. Elfving,
I.<>carl thmlcally Periodic
T~chnlcal Memorandum No.

C R COl< "Mutual Impedance between Vertical Antennasr. ,. 1

!'fOC. IRE, Vol. 35, pp 1367-1370, November 1947.

t, ll,e. Jordan, "Electromagnetic Waves and Radiating Systems," Prentice-Hall
Inc" New York, pp 464, 1950.

rnl(616)-6079. The author gratefully acknOWledges the direotion and assistance

+" I. Siegel
Vol. 43,

1\'" by Professors P~ E. Mayes and G. A. Deschamps.

. "" .



;'1,':.':

(2°

-->-' ~_.

I

.3 " jff;,fL)P()i}!J~

~

{;;J

...., r-:1' )J / '2 I ~:t/I''''~':''' ..(I (\:.;>[) ,4, I~ '~,;d' ~" 2
\t1)C·,4

I !'
,-"

~-t ,,) ,. ',~ I ...?1':3 ""'I ,'d,~ ~...\ "\
~:

"'3
... ( f"'i'",,) ,./ ! '/1, t.:"t.\ ..~;..:, (/.. l"; a (:,~,

I \..t.- 'v:3~' r ...,,/'.'

"\$ ;..C/ <) .r; 1. } /:~('t-
~. ~'4

U........
-',A"

'~' \<1' ~ ",I'..
I n \) :5 I "":} f"'l,,\ :' ....'J C; • ;J.:", 'U~. ,J",.;;,

\J

.-'Ie;, C 1"
y I~

" ,j " t,
,;'~ (,

.<'}"'"1) c;," " :J t:

J, ,'-,J. .f"

il;;~') ) ~J <.-1 ( ,~j ./ -s

I
..1 "I '/ 0/ '1'~.~) :,- .f

r .,~ l t ,.' 1 ! t

Ala ."/ r dill ') h-{:{ '''ij'~

f. "" \ v· Ii
t

lJNITED STATES IDISTRICT COURT,

NORTHERN DIQTRICT OF ILLINOIS

~EF9RE JUDGE HOFFMAN.

DEFENDANT EX. NO.. -
DOROTHY LBRACKEN~URY.

OffiCIAL. COl! RT REPORTER

TEMPORARY SKETCH

J F D ELECTRONICS com".
ANTENNA LABORATORY

A0041.5

,
•
'bOll.V1F ",nt:stl. INC." nltOOkLVN ''1, N. Y. Ul.yRAVltLNl) • ...eo"

MATERIAL "!r,."'.,. ,"." - ,.-""NOTES!f (ArllV,'.:> ....... ,;;k) v.. 'Ji'l-,~,; t

'>- J " ~ .... III .f. a .".--/if S ''''. .-' "Y t7;,'n"..,,1 .
, ,,\ ,~ <'?

Oi"""

,; / ....
to.?, f,J.......' ....

--- ---~. ,:'?, 1 Ii'" "
DAfE:: "",,_.~'.':':r.;;'~.c"" APPROVr:.:D

:~ A (,-,.. ~'

o "~""\. '!

SCAI..E --



SPACINGS

)1 13.00
02. 12;25
p3 I 1.40
)4- J 0·100
D5 10 ·00,

Do 9 ·25
J7 5·75
J8 5· 10
pC( 7.4·.0
'o,lr :3 ,:00J!.j

DII 1·80
:)JZ 1·70
))] 1·50

/·30
I· '2. I)

I • UJ
1·00
o.'jO

0: 8()

0·70

ELEMENT
LENGTH

DIMENSIO.NS

HI 154.15
HL 5.1· DO
.jSfl,50
:1444--25
,.,5 '[I .SO

rfG 38.:"50
1736. DO

'18 33.5)
':f"l 3 I .25

1j(j.:: (1 .20
1/1 1.00

--112 (0 • .50
He s ,75
'114" 5.2.5

:1..1.1.5 4· 'JO
n~~ ~·.I

·m 3.75
:1/ [ 3:'1-0
'·-in 3~DQ

d?c 2.".8'Q
121 2..50

TEMPORARY ,SKETCH

J F D ELECTRONICS CORP.
ANTENNA L.ABORATORY

I I MODEL.

0 0'

UNITED STATES ""STRICT COURT

NORTHERN DISTRICT OF ILLINOIS

BEFORE JUDGE I:10FFMAN

DEFENDANT EX. NO. _
'DOROTHY" L. BRACKENBU"RY

OFFICIAL COURT REPORTER'

/

15·S·INCHSHORTING- .5T'-'lB

'\
''\

\
\
\.

\iv!

,__~ iMO(.( NT

i:~:=~'I:_--'--- : . . :'~'~~'--:-:-'---:~JfL:~-:-~ :S:"-lWc
£EDP," INr

i ',' .1," ','" :' ,-, ,'. , ~'" ',,', ",", ,,_' . ,. ,,0 t
"I-"',.~_...--,·.........··5:>.2.S-.--.--~....__.. ,< ..---.--- 52·5---'--'~'-'-'->i
I I' I.. II B1..c,uOIZ'IL-'fMi(;.UCS
! . " I '---. .... __ ... (\1"«_.,,,«1

~I- T,~;Oi~GH H I03~B';-;~B~~&IOT.7S~_-"""'""""--'- ~ APPROVED ~tl
H IITHR04G-H HZ! WIRE fORI'4 MATERIAl. 1 I NCH TWIN BOo'"

NOTES . '"

.\0041.8

..~
}"

1

1
''''~ rIi''"';'

OGILViE PRE••• INC;. DROCUU•.YN 17'. N. Y. tJL"RAVIU. NO •••0.

_. ~ - 'c::-:':'"','7:-:c-:'~""~o~,~.-:-:~'";:"~,!,,,- -, , 7--:--;---·-~---c-:""--:-'c,~~~"m-'-,",,,,-:':'_. ,_"..:.'".oc,.-,..--o,.•.-.-'-----o,- . _._.__'. ,__



:1

? 0-. '" ~

13.00
12·,2.5,tjt/J
11.40 h}~
I 0: f, 0 .~10
10.00 ~t.i>.... ,

9.'2.54"';>
e·75 '.(j~£
8~JD •~1J
7. 4-0 ,~,t1

SPACINGS

SCALE 1"\.../ I: 20

APPROVED ~/,

ELEMENT
LENGTH C

OIMENSIONS

HI S4-~75 O/l(J )1

HE 5'1-',-,00 I '.f) oz
,IS1-I.50 ,~3 :J3
:'4 4IJ..25 .~,~ )4-

..5 '1/.;30 ""'i P5
% 38.60 .",\. Db
-j7 36.00 ,'1,\ ')1

;163,3 .50/1'> )8
'iq 31 • 25 .'(}~) Cj •

-1/6 ?-; '1 •20 /)'} j 16

dll "·00 ,,:~~ DII .,1 ·80 1)~11'

-112 6.50'~V~?I2. 1'70\~p.

:J., 13 5 ·75 '~.13 D.' 13 1·50 ''17'&
Ii .\. - o s: -, ~I t· ~o ,6 If.. ~. , o , L~"q7-' "', 'C' eil l

H15 ~:t; 0 ,. ~ JI5 I· '2. 0 • (i If
m~ 4o.IOI"~/?lf; ·I.,o··'l

- 3.75 .'1\) )J7 I .00 .~t)
3.:;-0 ,'l0J [)I'" ,0. 9o •CJIib
:3, 00 .~{ t.I .... 1'1 0, 80 .~~
2..80 ~~1J r,J2.C 0 ~ 70 J7~
2.:50 .~q,

TEMPORARY SKETCH

(?:,j..o::,ll CEil-. 'IOAJblJe..
::<ANG-ER / 10 (IItl"-p'~I")

J to U ELECTRONICS CORP.
ANTENNA LABORATORY

.

--AWN

MODEL

/NCHT't'II/,J 800M

';'.'

,.llJ;ii,io ~'tAjES ilISTRJD'f GblJRT
. NORTH~RN' D1.STRicr· OF: Il:UNOIS ..

-BEFORE JUDi)E 'HOFr.MAN .

'DEFE~~R~~JE:"~~SKO~BtlR\<' .
DFFIC:IAI:.COlJR' REPDRTeR,' .

.

MATERIAL /
NOTES .

,15oS-INCH SHORrIN<T ,5TI.HI,,·

"

'".'

r-:--------"MOLl NT

'. .----.:'-'---..J~-..," ·r----z·FEEDFbIN'r

I--:~l;-:---:--0 .,' -'---'.-'.~:lJ-'l-;--..--r- 0 0·\---~··I+-·· ! I I I I
i " .-.' ,.. .- , .
\ . ~ ... r : '., >.. ... '-. . . " ..,,~ ,
~;'."J>~-------5:-.-25-. .. "- G2·S·:.c----J. I. .. . I
I. t..-c· :" ' .'-'-·-_:---.~-IOT,7.s.::.·'..,...--,-,-,,,,,,-..0..::.:.:
I ...• : " , .

H.I T HROIJ,frH HIO 3/6' TU B 11-lG-
HIITHROQli'H HZ/ WIRE FORM

.\00421.

~.

#.---~- -" '---;"-\" "," .-

!f!3 J','
- ",-j:,- l,.. '-', IJ J '__C."r _',._. ._._..•

Ii
,I

II

Ii'

--~_ ...... -,-" .~-..;-



01 MENS 1 O'N S

,

El-EMENT SPACINGS
l-ENGTH

HI 5 't .56 DI 8.75
H2 42.75 D2. 7.00
liS 33 ..25· D3

H'f 7.75 PIf
ciS G·gO 1)5 I
H6 6.25 OS I .50
"17 5.55 D7 I ;30
Hj 5·00 D8 1.20
-j9 +·50 0'1 I .

-jle 4·2.0 DIC 1.00
HII 3.69 DII :I ,--]0
HI', '3 .30 DI' o.~30
11k'3.20 01,3 ).70
"114 2..90

o 0

J F D ELECTRONICS CORP.
ANTENNA LABORATORY

DRAWN

DATE 1- 20-66 I #'UTO..., ..... , ~. I

TEMPORARY SKETCH

l51.~ P"J2 - nl'~ 6-0 €
MODEr... R A.~I G- ff7 /3 (il1tf-uili")

.',:>

JJNIHD .sTATES IDISTRICT COURT

j\jORTHERI\f DISTRiCT OF ILLINOIS

BEFORE JUDGE HOFFMAN
.;..':.' ..,:'.-: ..... - ..:. ,-, ... --, ,;.'

DEFENDANT EX. NO.:::'",,':,:"'.~__
DOROTHY L. BRACKENBURY

.,. OI'FICIAL COURT REPORTER

MATERIAL.

NOTES I-i NCH TW I N BOO~.

Ins- INCH. S HOP,i\ 111& 5TlA B

J,1l THROVGiJ H3,,3/6'}UBi N&
}-i4TIJ ROV6H HI t'y.(IRE !'"ORr-1.

9T'fIOO"V

/
.

. . -:' '~'.

. I
I

/

/
/ /' ',:.. .. j

!.-Je"· /
. ..... ./

~ 11111111. A'~~
~~ ~ ~ \mll""J

\\
~\'

'"

~_ . MOWNT

) t> FEf:p POI tilT
'L--,~--L:--'K ...»: ·f
I .,! • I·r" .:
H·2~'rt- rz,-l]f---2.0 -':
1 ii,
I! .. i

L··' . :
:,." :::-<".'-:', -:,',: ,;:-'" :':::;':,.::',: .,,', :',.': ...::',::-,' :,:-":,.' 1
!. ". • . .:..-!j.3.7S-,-----l;

J

STLm

400<.«((, .

-;

~. ~.
I >~~.: 13 ~t-',
I > , (g .
". ' '>'\~/>.r":/'{



,,.. ,.,.......

,y2>O
l-yj':" ..

,
"' .

SPACINGSC;

.

.. '.'

"

•
"'-'"

DIMENSIONS

..

EI-EMEN1) ...-
I-ENGTH I V

:~,.;

HIS ~ .56 .7~3 DI 6.75
H2 42.75 .171)2. 7 .CO
',13,33.25 /)3 ;00

7.15 1& Dlf I'''''eo' I)~i{
6.'10' ,05 I .70 "c(."
6 .25 .lio Dc I .50 .~{

5.55 .f~1 D7 I .30 ,f.&b
,5 .00 .Ii0 D81 .20 . ")'\.3

-t '50 .'1 I] D9. I . Jo:q~
4- .2.0 ,H} DJ' I .00 •'i. (
3 .69 ~"Y D!lJ,gO • /&'1)
3 .30' . Dr 0 ,50 .Hl
s .20 ;'i1 1l

013 ) .,0 ,~1(, b .
2.."10,,0 ,.1."

" .',' .,,: '".

p. p HLSc;~I-EI"~':20

J F DELECTRONICS CORP,
ANTENNA LABORATORY

v~r

,

.

' ..

··l/Hf

TEMPORARY SKETCH '

~~ ~1Ii DEP. - '("&I\l G-() IE

MODEl- RANG-ER/3 ('IIM-"ljiO)

DRAWN

..

.......,
"::

";'

.,,' ,'.

.-,

, "

.:.-"

·:,c.·"

ii·c.·

" .'

.....

r-

I;...;,.

.

, "

..';

.

"'"

'.

"

PNHi;:D'sTA'rES '1!lIS1RICt' COURT
NORlf\ER~ .PISTRICT"OF'\LLiNOIS

..' .,., ,' "~y?.r<T:)~DGEHOFfMAN
D'EfliNOANTl;:x.I'>lQ<· . -

DOBOTHY ie,BRACKENBURY .' '.
OFFICi','.'- COU\~T·REpa.~TER

.'.-..

lY'''''' ERIAL.
NOTES j-INCHTWI/J BOOM

'S ~ 5 - INCH. SHO/i'TPJG- STtm

HI fHROV,GH H3 3/1)",T\.j131 N&
H'tTHROL(6H HI 'l-',{/RE FO/,?1'f
... ..,II-.::O:.:.A:.;T~E::.;.,I-_2_0_-_~_.6 I A...."VV"'': LYE' I
I .... ·A ...

,',',."

......

,

'..
.\.

.; .

"

..

-...,' ;'--',. ".

..... A 0'0'419.. ,';..1.),. "

. MOLlIJT

, l··f-.... .; '.' 'FEf;JJPO I tJT.h- ....... ~
J •.: •..' >. t 'k""'~1 'I I \.,. , , _ .

. ,,\ ". . ~Ol_'-.1\ .!-6.2S-')C· I, :.-_-" .: .,
I ' I ""

I
'1" I

, .': .. _.1 .0' .. ) .. !.
, . " "" .. 1.".-._~_".~ '1'..,J0 ~', . j, .

., ....,

e..

'.

•

-".,

,;-:

, '~'l

..

" .. ,

'"j;: .:

....

''''.

STUB

.

.~~~_.,.

.-:

"".

.. ,.,
;/ ."

'~.-=-'~

---"~~.-'---- '
',.:/



"'/

TEMPORARY SKETCH

J F D ELECTRONICS CORP.
ANTENNA LABORATORY

DRAWN n. p I SCAL.~ ""- I : z,

"

. i ..",··

lJ~l'~[}STATES e[s, ...-'
.r :"I'lOROFHlORN..DISTRICT O•.ILLlNOIS

,;::'Ji;ORtnJptie:i-IdFIiM!\~'
.DErENQANT EX. NO, c;;

",. • DOROTHY 1...6RJ',CKEN
BURr

• • \. '.'OFfICIAL COURTREPORTr,R

~~._-~~~..~._-~-~~-~-

M"",I<'."" I IklCH TW \1\1 6001'4
NOTES . '.' .

15.5-1 MG.H SHORT, ...IG STVB

VI.TIl:AVt:LHO•. AII!O" . m • •. ~ __~,_.

" v. >i~, ...·~()U'N
STwe-~~L- ' : : tc '" '~~('"-("""""---j

~6.':J.-.--_·_·.~'-:3S 5 +.~="....~ "':-1 .... . '"1, '~ " '. ...-:'--:-.'36:25---~--'':j'''' "iJ~;Ji)~(2..- Tc,JG-U~
.;c-_.•::-t.:....-~~'-.-"':f,3.6'·: __' MODEL. RAl\IGER / 5 ' \1I1~~ _Ll~"')

I
... DATEI-2,O-E. _ APPROVED Le.A

~

•

clr:.ILVU:,PA£SS. INC__ IIAooICL'rNI:r;,H.... _



•

DI M EN SIONS

EL.EMENT SPACINGS
L.ENGTH

HI 52..50 01 16.45
HZ- 16.00 D2 11-.45
.13 40.2,5 )3 12..50,
,]+ 35.00, . ;:14- 11.00
15 30.75 J.5 3·00
:-i6 7.00 96 I . Bo
H7 6·50 '07 I ,TO
d5 S.75 -: '1 I .50_ t.

il'1 ;::;r:, ;; D'r 1.3tJ.~ « c:»
CjIe +.,,0 ')!O I . 2.0
iii 1 4. 10 Jl J I, 1(;

'H12- 3.75 ")12- 1.06
il3 :3 • frO m .0.'10
iI+ 3·00 ;"14 O· 80

1

115 2.·80 'IS 0·70
,HI 2.50

TEMPORARY SKETCH

J FD EL.ECTRONICS CORP.
ANTENNA LABORATORY

HI THROUGH H5 3/8"Nelr~&

HE> THROUGH 1i16.WIRE FOR'"
I

UNITED STATES ~ISTRICT. COURT

NORTHERN DISTRICT OF ILI-INOIS

BEFORE JUDGE HOFFMAN

.DEFENDANT EX, NO: _

~~~~~~~, C~U~A~;;~~~::

,Of.'
/.

I
/

MATERIAL. I 'kIGH TW \1'-1 800M
NOTES' '.'. .' . .

15.5-1 ~ICH SHORTIt--IG STUB

/

//
;/

.f;

A004i7

'",.

r~--~ _~_MOUNT

I r>»: .
": ..' . . . ....., . r' ·v.. ... ': .',

STIIE-;-}>~ '. ..... .:. ...11.': •.... :. ~::;: ( fEED POI NT

I .'I .. . .\ .c.»: I.I ..... ... . \..-.,.
i'*-6'~»t'---~--35'5-~.---~---~-36:2 :;---- -- c. ':
I . I
-: '.1 I TJ4vVDIa{2..- To ,J.G-ue.
t.. . ..~n"" RAHGE:::? / 5 ("I~F' .iJ-Il'-)

r-c~-63
r'":7.~:::,,::-:- -III-::.OA~.T~E:..1~-:..2.s::0~-(-.2;"6 -' APPROVE~ U~/

DRAWN p_p I SCAL.E:"--.I :2.()

OGILVIE. PRESS, INC.;.DROQKl."" H. Y. ULTRAV2.L NO •••OM

j
i

, ,~

J

I

I
I

i



UNITED STATES IilISTRICT ctJlJilt
l:-iORTfiERNDISTRTCTOF ilLINOIS

BEFORE JUDGE HOFFMI\N

DEFENDANT EX. NO..__--.....
DOROTHY· L BRI-\CKENBURYJ

OFFICIAL C.OU RT REPORTER

P. E. MAYES, Editor

Prepared' by

ANTENNA LABORATORY
ELECTRICAL ENGINEERING DEPARTMENT

UNIVERSITY OF ILLINOIS

NASA Grant No. NGR 14·005·043

ANTENNA LABORATORY
Report No. 66·11

WAVEPROPAGAJION ON SMOOTH
AND PERIODIC STRUCTURES AND

APPLICATIONS TO ANTENNA DESIGN

..

Far

.
GODDARD. SPACE FLIGHT CENTER

GREENBELT, MARYLAND

DEPARTMENT OF ELECTRICAL ENGINEERING

ENGINEERING. EXPERIMENT STATION

UNIVERSllYOF[l(lNOIS

URBANA, ILLINOIS

to ;:



.."

Antenna Laboratory Report No. 66-11

Wave Propagation on Smooth and Periodic

Structures and Applications to Antenna Design

NASA Grant No. NGR 14-005-043

Prepared by

Antenna Laboratory
Electrical Engineering Department

University of Illinois
Urbana, Illinois

P. Eo Mayes, Editor

for

Goddard Space Flight Center
Greenbelt, Maryland



w

v

PREFACE

In January, 1964 an Applications Forum on Antenna Research, was held

at the University of Illinois. A group of seven speakers from other

university and industrial laboratories and five professors from the

University of Illinois. Antenna Laboratory presented four days of compre

hensive lectures on four phases of modern antenna research. One of the

principal topics was that of frequency independent antennas.

Recent research had indicated that dispersion data for periodic'struc

tures can be very useful in the analysis and design of frequency independent

antennas. An introductory paper on the relationship between the near-

and far-field behavior of various types of waves was scheduled for .early

presentation in the Forum program and the relationships established

therein were used in the discussion of frequency independent antennas

by several succeeding speakers. It became apparent in the discussion

periods which followed these papers that most of the Forum participants

had limited background in methods of calculating, measuring and presenting

dispersion data for various waveguiding structures and relationship

to radiation characteristics of the structures. At the request of several

of the attendees, an impromptu informal evening session was scheduled to

explore these background topics. in greater detaiL. Almost half of the

70 Forum participants came to the special session. and a lively discussion

continued late into the eveningo

It was felt by several of the Forum speakers and parti cipants that

the events described above indicated a basic deficiency in the background

of many engineers presently involved in antenna research' and development.

The need for further information and study in this area was expressed by

some who have been in the antenna field for many years •. As an outgrowth

of these discussions the NASA Grant No•. NGR 14-005-043 waS awarded to

the University of Illinois Antenna Laboratory for the preparation of this

survey report. It waS originally intended only to collect and review

presently available data in the area of dispersion characteristics of both

smooth and periodic structures which may be applicable to antenna design.

However, in an effort to better connect the simple examples to the

present use in research, some additional computations and. darivations

iii



were undertaken which have both e~panded and delayed the report,

Unfortunately, the task of connecting classical and recent problems proved

to be too great to complete within the scope of the grant, Thus, although

several new results were obtained which are presented herein, there are

still questions which remain at least partially unanswered, Nevertheless,

it is hoped that this report will prove useful as an introduction to the

wave analysis of antennas and will help practicing engineers to better

understand the current literature in this area,
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PART I

RELATION OF ANTENNA PATTERNS TO DISPERSION. DIAGRAMS

1.1 Introduction

In numerous ant enna applications values of gain and/or directivity

are required which cannot be achieved conveniently through the use of a

single, Simple, radiating element, such as a dipole. In these instances,

it is customary engineering practice to employ a number of simple elements

in. an antenna; array. Those elements which are connected- to a transmission

line are called "dr-Lven e Lemen.ta," Additional elements may also be employed

to increase the gain, even though not connected to the transmission line.

These latter elements are commonly called, iV,parasi t es, n Various combinations

of driven and parasitic elements may be used, depending upon the application.

When several of the elements are driven, the problems associated wi th the

design of: a feeder- network become more involved.

The analysis of the directional characteristics of an antenna array

depends primarily upon the determination of the relative phase and ampli-

tude of the currents in the various elements. The problem of determining

these exct tation coefficients theoreti cally is complicated by the coupdd.ng

between each element of the array and every other element of the array.

Because of thi~, the theoretical analysis of antenna arrays has been largely

limi ted to arrays of few elements <> However, Ln some cases primarily LnvoIvLng

linear arrays, it is possible to employ a traveling wave concep t , both in

the determination of the array excitation and for the computation of the

radiation patterns. This approach is very useful when the number of elements

in the array is more than a few. The present investigation will deal with

this approach to antenna array analysis.

When several elements in a linear ar.ray are drrven by successive con

nection to the same feeder, the traveling wave concept can be applied in

both parts of the analysis problem, that is, to the determination of the

excitation coefficients as well as the directional characteristics of the

array. In ~art I we shall direct our attention primarily to the problem

of the radiation patterns, and consider the calculation of array excitation

in Part II. In Part III, the relationship between periodic and log-periodic

structures is considered wi th emphasis on open structures. Several appli

cations to antenna design are dt.s cussed in Part IV ;



Therefore, for t.he cpr-esen t we shall assume that the; pertinent charac

teristics of the dominant traveling wave on .the antenna array have already

been determined and we shall .consider at this time the determination of

the directional characteristics. Each traveling wave on the array is charac';'"

radian

constantwhereby the phase

Plots of P verSUS

terized by a (complex) propagation constant, Y = u + j~. In most instances

the array will behave like a dispersive medium

~ will not be a linear function of frequency.
W

frequency w (or free-space wave number k = - where c is intrinsic phase
c

velocity,df free-space) are then needed for each wave. The dispersion

curves for periodic structures are often called Brillouin diagrams. Fre

quency bands where y is complex are of great interest in antenna applications

of periodic structures. Hence, for antenna work pLot.s of u versus k should

be added to the conventional k-P diagram. When several traveling waves

exist simllitaneollsly, the complex coefficients giving relative amplitllde

and phase of these several waves are also needed. However, as we shall

later show, the analysis in terms of a single wave is many times sufficient.

1.2 Basic Electromagnetic Field Equations

The electromagnetic field produced in a homogeneous medium of infinite

extent by an arbitrary distribution of electric and/or magnetic currents

is obtained by sOlving the inhomogeneous Maxwell'S equations.

curl J!:

curl H =

(1)

(2)

where ! and B:are complex fields representing the electric and magnetic

vectors., r-es pec t tvely ; 9' and !fare complex-vector functions describing

the density o f. tt i de a l .i z e d 9v electric and magnetic current distributions in

the homogeneollsspace; and ~ and ~ are complex numbers which describe

the medium in the sinusoidal steady-state theory.

r - o + jUJE (3)

~=
T + jWf! (4)

where 0, T, € and f! are the electric conductivity, the magnetic conductivity,

the capacitivity and tbe inductivity of the medium, respectively, and W is

the radian frequency of all harmonic oscillations in the system.

2
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The solution of Equations (1) and (2) which is subj ec t to a "radiation

condition" at great distances from a sourCe distribution of finite dimenSions

is usually expressed in terms of a pair of vector potential functionS ~ and ~.

A =-
F =-

1

~
-y Ir-r' 1

~ (I" ) e -- dv
41T - Ir-r'l

'f

1 J...~ -'{ Ir-r' 1
(£') e - - dv

41T 1£-£' I
'0\

(5)

(ll)

where I' and r' are position vectors from the origin of a coordinate system to- -
an observation point P and a SOurce point P', respectively, as shown in Figure 1.

Note that 1£ - £'1, which denotes the magnitude of the difference vector, is

the distance from the SOurce point p' to the observation point P. The parameter

y in the exponent is the intrinsic propagation constant of the medium.

y =1/'#"1
In most cases the medium is assumed to be free-space and

(7)

y = jW JIJ. €V. 0 0
= j k (8)

The integrals (5.) and (6) are evaluated over the source regions, Vq denoting

the volume occupied by electric currents and VJi that. occupied by magnetic

currents. Once the vector potentials ~ and! are found, the electric and

magne~ic,vec~ors are calculated from

on·electromagnetic theory and therefore, will not be discussed

The derivation of
1 2

several texts '

further here.

E = ~ (curl curl A - Q.). + curl F
-, . -D- -

1 ..
H = curl A - - (curL curl F + J(,)- ~ - -

these solutions of Maxwell's·eqllations can be found in

(9)

(10)

1.3 The Far-ZOne Approximations (the Distant Field)

The radiation pattern of a·transmitting antenna represents the directional

distribution of poWer at large distances away from the antenna. That is, the

minimum.distance from any source point to an observation point fOr radiation

3
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Figure 1. Coordinate sys t em used to t oca t e observation and
SOurce points in problem of calculating li~ld due to
a given source.
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pattern measurements is much greater than the largest dimension of the antenna

and also much greater than the wavelength. In this case it is possible to

greatly simplify the formulas for calculation of the field.

Consider the evaluation of the integral (5) for the vector potential A-
due to an electric current source ~. Using cartesian coordinates

1 JJJCj -jkr
~(x,y, z) (x" ,y' ,z·)

e pp'
dx' dy' dz' (11)~

41T r
source

pp'

where

r pp' Ir-r' I--
x',y',z' denotes point of integration (source point)

x,y,z denotes point of observation

Let r be the distance from the origin of the coordinate system to the point

of observation, and let r' be the distance to the source point as shown in

Figure 2. If the origin is placed in the vicinity ,of the source, then for

observation points

denominator of the

such that r »r' ,we can replace r ,by r in the
pp

superposition integral (11). This is too gross an

o r'-

approximation in the phase factor, however. When r» r', PP' and OP are

nearly parallel, whence the difference in their lengths is simply the

projection of Opt on OP. Let 1 be a unit vector in the direction from

the origin 0 to the observation point Pand r' be a position vector from

the origin 0 to the source point P'. Then

...
r pp t ea r - r

The vector potential in the distant field is approximately given by

(12)

A(x,y,z)--
-jkr

e
41Tr

JJJr; (x" .s' ,z') ejk(~ • !,') dx' dy'dz'

Source

(13)

Radiation patterns are conventionally measured as functions of the spherical

coordinates e,~ (defined in Figure 3) with the radial variable r held constant.

Hence, it is convenient to express the vector potential in terms of the

spherical coordinates. Hence, we introduce the spherical coordinates to

locate the observation points while retaining the cartesian variables

for source points to simplify the integration along ,,"linear paths. This

5
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Figure 2. The distapces involved in the far-zone approximations.
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Figure 3. Spherical coordinates ot the point ot observation P.
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is accomplished by writing •

" Ii 6 A 6 q,+
1\ 6r = x sin cos cj>+x, sin sin z cos- - , -

A, ~. x' J\.
y' J\

z'r = + X + z- - -
(14)

(15)

Equation (13) can now be factored into two terms: one a scalar function of r

only, the other a vector function of 6 and cj> only,

A ~ g(r) ! (6, cj» (16)

where

g(r) _
-jkr

e
41l'r

(17)

!(6,cj» - JJJ
sour-ce

jk(~ .' r')
(x',y',Z') e - - dx ' dy' dz' (18)

and
A .
r ' r ' = x' sin 6 cos cj> + y' sin 6 sin cj> + Zl cos 6- -

This factorization simplifies considerably the evaluation of the distant

fields, Performing the curl operation of (10) in spherical coordinates,

we obtain

41l'r sin e

(19)

[~ (sin 6 fcj» -

- r sin

g(r) {£1

8f
r .R

8cj> + Jt'

H

+ r

where
A

f = r ' f
r -

1\
f",=cj>'f

"r - -
2Note that the r-component varies as l/r , whereas parts of the 6- and

cj>-components vary as l/r, For large r, therefore,

H- j13 g(r)
41T (20)

From the Maxwell equation curl H = we find that

8



r

•

E 1)4;;r) {_ ~ [ ~

1\ "
-jl3r ~ fa - jf3r '* fep

2f ,1
(sin a fa) + 8/j

(21)

where 1) = v~/~ is the intrinsic impedance of the medium. In the distant

field, therefore, neglecting l/r
2

terms, we have

E
-jf3 1)

411
(22)

It is now apparent that the distant fields are readily found once the

spherical components of the vector f have been determined by evaluating
~

the integral given in Equation (18). The integration is likely to be

done in cartesian coordinates, but it is possible to transform the

cartesian components of f to spherical components by using

= f cos a cos ep + f cos a sin ep - f
x Y z

f sin ep + f cos ep
x y

sin a (23)

(24)

Several properties of the distant field are readily discovered by

inspection of Equations (20) and (22). Note that there is no radial

component of either electric or magnetic vectoro Also, since

H =
f3 Ig(r)!

411
(25)

r:» 1) f3 !g(r) I/lf. 12 .·I'f 12
E = V~ • ~ = 411 a .. +. ep (26)

the ratio of magnitudes of the electric and magnetic vectors is the intrinsic

impedance of the medium.

1.4 Periodic Structures

The results of Sections 1 and 2 would yield the radiation pattern of

any antenna providing the idealized current distribution for the antenna

is known. Determination of the current distribution is, therefore, the

basic problem of pattern calculationS and is by f ar-t.he most difficult

9



part o Only in a very few cases is it possible to solve Maxwell'lsequations

subject to the boundary conditions suitable to describe a specific antenna

configuration and excitation. When such a complete solution is possible, the

current distribution can be found by evaluating the tangential magnetic vector

on the conducting surfaces. For the most part, however, practical antennas do

not closely conform to a shape for which Maxwell's equations can be solved

rigorously. It is, therefore, customary to devise various approximations to

the current distribution by extrapolating from the few known solutions. For

example, the current along a linear dipole is taken to be given by atrigono

metric function since this can be shown to be the case for a thin prolate spheroid.

Now it would appear, since the current distribution on such a simple shape

as a dipole is so difficult to obtain, that conductors with bends and corners

or other discontinuities would present a hopeless task. This would indeed be

unfortunate since many very useful antennas may contain all manner of geometric

designs. Fortunately, there is a class of shapes which can be geometrically

complex and yet may have rather simple current distributions - the class of

periodic structures o

A uniform periodic structure, is composed of a number of identical cells

as depicted in a general way in Figure 4. The width of each cell is Wand the

length "a" of each cell is called the period. Translation of an infinite

periodic structure, along its axis through a distance equal to the period does

not change the structure.

One approach to the analysis of such periodic structures would be to solve

for the fields of a single isolated cell and then superpose these to find the

fields of the:' e[ltire.' structure:: Unfortunately, there is usually considerable

coupling from one cell to the next so that the current distribution of a cell

in the environment of its neighbors is considerably different from that of the

isolated cell. For simple geometries such as dipoles it may be possible to

account for this coupling and find the current distribution and input impedance

of each element in the presence of a few other elements. However, when the

number of elements or cells becomes large, such an approach is hopelessly

complicated. In this case it may be advantageous to consider a periodic struc~

ture to be infinite in extent and look for the modes of propagation whiCh are

characteristic of the structure. It then may be possible to express the current

distribution along a fin:ite periodic structure in tel'msofalimited number of

10
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modes. The radiation patterns which correspond to modal distributions of current

are readily calculated. In certain frequency ranges a single mode may be

adequate to describe the current and the modal pattern will apply directly. In

other cases, it may be necessary to use a combination of modes. to represent the

current. However, if the complex coefficients of the modal constituents of the

current can be found, the pattern Can once again be determined by superposition

of the patterns of the modal currents. Although representation of the current

distributions on finite, open structures completely in terms of modal components

cannot be justified rigorously, the results of this approach have proved accurate

enough to be very useful in a number of cases and the great simplification which

this approach affords certainly justifies its use as an aid to engineering design.

One of the most important classes of practical antennas is that of frequency-
3independent antennas. Many of these are unidirectional log-periodic antennas

which can be considered to be nonuniform periodic structures. 4 If the rate of

taper is low enough, the performance of a log-periodic structure can be

inferred from the performance of the uniformly periodic counterpart. ThUS,

the analysis of periodic structures is further motivated by the need for better

under-s t andf.ng-jo r frequency- independent antennas.

The basis for analysis of periodic structures is a theorem of the French
5mathematician Floquet which may be stated as follows:

For a given mode of propagation the fields at one cross
section of a periodic structure differ from those one period
away only by a complex constant ..

If z represents the axial coordinate and h(z) represents a component of

the field, then Floquet's theorem states that

,

•

h(z+d) = u h(z)

where u is a complex constant. Now suppose we take

-yz
h(z) = e p(z)

(27)

(28)

then Equation (27) gives

h(z+d) = e-y(z+d) p(z+d) =

which can be satisfied with

and

e- yd e-Yz p(~+d) __ -yz()
~ u e p z

-yd
u::;;:; e

(29)

(30)

p(z+d) = p(z)

12
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t

Equation (31) requires that p(z) be a periodic function and so can be expanded

in a Fourier series.

co .2 n1Tz
-J d

p(z) = ~ C e
n

n= -co
(32)

and the fields can thus be written in the form

co .2 n1Tz ( .2 n1T)-J co - Y +J - z
h(z) - yz

~
d z d

= e C e = C e
n n

n= -00 n= -co
(33)

The wave given by the n = 0 term in this series is called the fundamental wave;,

the other terms are called space harmonics. Equation (33) shows that the

propagation constant of the nth space harmonic is given by

.2 n1T
Yn = Y + J d (34)

Further consideration will be given to the space harmonics and how each contri

butes to pattern characteristics later. Next we shall use the F10quet property

of the fields in a periodic structure to obtain radiation pattern equations.

1.5 Radiation Patterns of Periodic structures

Let us suppose for the present that the current distribution along a

finite periodic structure corresponds to a single mode on an infinite structure.

Further clarification of how this ma.y be achieved will be given later. If

the periodic structure is planar and aligned in the xz-p1ane as shown in

Figure 4, the current density vector 1t can be written in terms of only two

components as

(y (~. y' z ") ,,~ 0. (x' y' z ") + ~
(t J J "'" dx·· , J, -

(1 (x' y' z ")
'"U z ' ,

(35)

Furthermore, since the current is confined to the xz-p1ane, it is completely

described by the surface current density c;: s' where

(], (x" s' z t ) = a (x' z ") a(y') (36)*t' " 'Is· J

*a(y.) is the
bf f (y')

•. a

delta distribution which has the integral property

a(y.) dy' = f(O) if a < y' < b

= otherwis.e

13



th
According to Floquet's theorem the current in the n cell is related to that

in the zeroth cell by

c;} (x' z'+na) =r s n J
(37)

An expression for the complete current distribution across N cells can be

written by adding expressions for the current in the individual cells

(38)

defined by

represents
sn
step function

N-l

~s(x.,Z') = n:'o ~sn(x"z') [U (z'-nd) - U(z'-(n+l)d)]

th
the current density in the n cell and U (z '-z ) is

owhere ~

the unit

u (z'-z ) = 1
o

= 0

z' > z
o

z' < z
o

(39)

Substituting (14), (15), (36) and (38) into (18) gives

__JW/2 JNa
!(8,<p)

-W/2 0

N-l
z

n=O
4- (x' z') [V (z'-nd) - V (z'-(n+l)d] xrs n '

ejk(x' sin 8 cos <p + z' cos 8)dx' dz
'

(40)

The properties of the unit step functions can be used to interchange the order

of integration andsumrnatione

ejk(x' sin 8 cos <P + z' cos 8) dx' dz'

Consider now the nth integral in this sum

(n+l)d

In"" 1 ~sn(x.,ZI)ejk(X'Sin8 cos <p+ z" cos 8)dx' dz'

nd

N_ljW/2
!C8, <P) = ~

ne-O -W/2 l
( n+l ) d

nd
(J. (x' z t ) x
l'sn s

(41)

(42)

and apply a transformation of coordinates corresponding to a translation

14



along the longitudinal (z) axis. Let

.r, = z' - na (43)

a

In = e j knd cos e J "sn (x" >r, + nd) ejk(x' sin e cos cj> + r, cos e )dx'ct\' (44)

o

By virtue of (37) this can be written in terms of the current in the zeroth

cell as
a

(jk co a B - y) nd1 (} .r jk(x' sin e cos cj>. + \, cos. e) dx'.dr (45)
In = e ~so (x·.,,,)e . "

o

which yields the result for !(e,ep).
W/2 a

!(e,cp) = N~l e(jk cos e - y)nd J J
n=O -W/2 0

a (x',\,)ejk(x'sin e cos
7Jso

cP + r, c9Se)
dx' dr,

(46)

The terms in (46) can be readily related to the results of linear array

theory.

with the

The integral I gives the field
o

directional factors in (23) and

due to a single cell; when combined

(24), this yields the "element pattern."

•
Similarly, the summation

s =

Nd
~

n=O

(jk cos e - y) nd
e

(47)

..

6
represents the directional characteristics of an array of isotropic Sources

separated hy distance a and having progressive amplitude and phase differences

given by a parameter y. It is thus apparent that the radiation patterns

corresponding to each mode On the periodic structure depend upon the current

distribution in a single cell and the propagation constant for that mode. It

is frequently the caSe that the dimensions of a single cell will be small com

pared with the wavelength so that the element pattern can be well approximated

by that of a simple dipole or other low gain antenna. The principal contri

butions to directivity then arise from the "array factor," 5. A knowledge of

the propagation constant versus frequency characteris~ics of the periodic

structure can then be used to calculate radiation patterns for a periodic

antenna over a wi~e range ,of operating parameterso

15



Before proceeding with examples let us review the conditions under which

(46) can be expected to give reasonably accurate results.

1 •. The current on the structure must be predominantly that due to a

single mode. If more than one mode is present, then the complex

modal coefficients must be known to superpose the modal patterns

given by (46).

2. Only a wave traveling in one direction is present on the structure.

This may be accomplished by a proper termination on one end or it

may be that y is complex so that the current decays to a negligible

value before reaching the end of the finite structure. If neither

is the case, (46) can be modified to account for mUltiple reflections

which may result when waves with small attenuation encounter mismatched

terminations 0

1.6 Universal Array Factors

The array factor S has been shown to contribute largely to the deter

mination of the radiation patterns of periodic antenna structures. The depen

dence of the distant field upon period a, wavelength A and the propagation

constant Y, as well as the directional coordinate e, is simply displayed in

the array factor, (47). However, it is possible to facilitate calculations

by considering further development of this formula and producing some curves

which are applicable to a wide variety of operating parameters. Let us define

g = yd - jka cos e (48)

so that (47) becomes

N-l
s= ~

n=O

-ng
e (49)

which can be written as the difference between two infinite series

00
-ng -Ng

00
-nS -NS

00
-nSS = ~ e -e ~ e = (1 - e ) ~ e

n=O n=O n=O

This series is of the form

(50)

1 +
. 2 3
W+ W + w + ...... =

so that (50) reduces to

16
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-NS
S = .::...l-....::.e,,-

l-e-S
(52)

If Y is complex, Y = a. + jf3, with a real part a. of sufficient magnitude so
-No.

that e « 1 then (52) becomes

(53)1
-51 - e

s = ---0-

This corresponds to the case where the current decays to negligible values

before reaching the end of the structure, and it is apparent from (53) that

the number of cells is irrelevant in this case.

Equation (53) has been used as the basis of calculation of a set of

universal array factors.
4

Each value of attenuation gives rise to a different

curve which can be used to obtain the radiation pattern. Since

g = a.d + jd «(3-k cos e) (54)

we can represent the universal array factors for several values of A = a.a as

functions of ~ = (13 - k cos e)d. Such a family of curves is shown in Figure 5

for values of A ranging from 0.05 to 0.95 (nepers). Since the curves are

symmetrical with respect to ~, only the range for ~ > 0 is shown.

Now let us consider how the curves of Figure 5 may be transformed into

polar radiation patterns using values of attenuation and phase progression

which have been previously determined either theoretically or experimentally.

We note first that (54) defines a transformation of variables between the

abscissa of Figure 5 and the direction angle e. The maximum value of 5 (~)

occurs at ~ = 0 which corresponds to cos e = f3/k. As the angle e varies from

o to '", the value of 4J ranges from «(3-k)d to (f3+k)d. Consider the rotating

vector shown in Figure 6 which pivots about the point 4J = f3d and has a length

1. = kd , If the angle which the vector makes with the horizontal 4J-axis is

identified with the direction angle e, then the projection of the end point

of the vector onto the ~-axis falls at the point '\J = f3d - kd cos e. This

construction therefore relates a value of ~ to each direction in space as

located by the polar angle e.

As an example of how the curves of Figure 5 may be combined with Figure 6,

consider the case where A = 0.35, kd = 45
0

and f3d = 35°. The universal array

factor corresponding to A = 0.35 is plotted in Figure 7 and the vector with

length kd = 450 is pivoted about the point ~ = 35
0

on the auxiliary 4J-axis
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",=0 "'=l3d-kd cos8

Figure 6. Rotating vector of length kd showing correspondence
between e and ~ •
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Figure 7. Graphical cQDstruction of the polar pattern of a modal
current diatribution with A = 0.35, ka = 45° and ~ = 35°.
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•

located parallel to but below the ~:axis of the array factor. The locus of

end points of the vector is shown in Figure 7 asa circle of radius kd ='450
•

The values of ~ corresponding to various angles e are obtained by projecting

points on the circle onto the ~-axis. In Figure 7 the projections are shown up to

to the array factor curve so that values of, S (~) corresponding to particular

directions can be measured. These distances are then measured from the origin

along the appropriate radial lines. The curve shown connecting the points so

determined is the desired polar plot. The lower half of the plot is the

mirror image of the upper half due to symmetry of the structure.

1.7 Summary

The purpose of the foregoing discussion is to demonstrate the utility and

limitations of using dispersion data to calculate radiation patterns of

antennas. The usefulness lies in being able to predict certain features of

the pattern from knowledge of only a few geometric parameters of a periodic

structure. Refinements in these calculations can be made if either theore

tical or experimental dispersion data are available. It is important to

know the attenuation versus frequency as well as phase constant versus

frequency. When appreciable attenuation is present, particularly simple

results can be derived using universal arr?y factors. Polar patterns can

be obtained from the universal array factor curves by gr?phical means. In

all cases, however, the results are presented for traveling wave modal

current distributions and adaptations must be made for end-reflections and

multiple mode distributions,. With this background as a motivation for

further consideration of dispersion data for open periodic structures,

further attention will be directed to the methods of obtaining these data.
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PART II

DISPERSION CHARACTERISTICS OF SOME SMOOTH A~~ PERIODIC STRUCTURES

2.1 Introduction

For transverse electromagnetic waves in free space, the phase constant

is directly proportional to frequency. This simple relationship may be

perturbed by the presence of material media and the perturbation is :referred

to as dispersion. Dielectric materials exhibit dispersion because the

permittivities are frequency-dependent. Of course, for some materials the

variation is so slight over the frequency range of interest that they may

be thought of as nondispersive.

There are various other ways by which dispersion occurs. In dielectric

materials and gaseous plasmas, dispersion is due to the interaction of the

electromagnetic field with the atomic or molecular constituents of the

medium. Dispersion is present in waveguides because the conducting

boundaries force the electromagnetic waves to propagate in various zigzag

paths down the guide rather than in a straight line along the axis. The

path which the wave must take is dependent upon the frequency of operation.

Another viewpoint which can be taken is to consider the waveguide as a

transmission line with inductance and capacitance per unit length which

are functions of frequency. This concept can be carried over to open

structures) such as a helix} and periodically loaded transmission linese

Tapered versions of the latter can serve as models for practical log-periodic

antennas e This correspondence will be discussed in greater detail in a

later section.

Graphs showing the variation in phase constant as a function of

frequency are called dispersion diagrams. Dispersion diagrams for periodic

structures are often referred to as Brillouin diagrams for Leon Brillouin,
7

who first made extensive use of them. Brillouin considered elastic wave

propagation in crystal lattices, as well as wave propagation in periOdic

electrical systems and electrical-mechanical analogies. He demonstrated

that in certain bands of frequency, propagation of an undamped wave is not

possible. This consideration led to the separation of the frequency

spectrum into passbands where propagation is allowed, and stopbands where
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it is not. Many other authors have'used the Brillouin diagram to illustrate

the nature of wave propagation on various periodic structures. Until

recently most of these structures have been of slow-wave or surface~wave

type. An excellent

has been written by

survey and bibliographical listing up to January, 1959
8

Harvey, He gives a list of 293 references, many of

which make use of Brillouin diagrams or closely related graphs to present

theoretical or experimental dispersion data,

One structure which has received a great deal of attention because of

its application in traveling wave tubes and delay lines is the helix and
. 9 10 11 1213 14 15 16 17 .its var i.ant s 0 J , , s , s s More recently j hel.Lces and tapered

helices have been studied for their radiation characteristics,18,19,20,21

This has led to the extension of the dispersion data for helices to include

frequency bands where the propagation constant is complex. There are many

articles in the literature on surface wave supporting structures, such as

dielectric rods and slabs,

f 22,23,24,25,26,27sur aces.

stratified plasmas and corrugated metallic

A number of different types of structures

,

have been studied because of their ability to act as antennas or because
. 28 29 30 31 32 33

they are related to pract~cal antenna structures. ' , , " The

references given here are representative, but do not necessarily form a

complete listing of articles on the topics mentioned.

2.2 Interpretation of Dispersion Diagrams

In its original and simplest form, the Brillouin diagram is a plot

of (angular) frequency w on the ordinate and phase constant ~ along the

abscissa o For smooth structures, the free-space propagation constant

(k = W/c = 2~/A) is often used on a vertical axis. However, for periodic

structures it is common to plot kd vs, ~d where d is the period of the

structures.

Figure,S illustrates a useful classification of regions on the k-~

plots. The two lines ~ = + k serve to separate the regions where the

phase velocity v = w/13 along the chosen axis is greater or less than the
p

intrinsic phase velocity in free space c = W/k. The region below the

13 = ± k lines is thus referred to as the slow-wave region, whereas the region

above is called the fast-wave region. Positive values of ~ result in a wave

with phase progression in one direction, whereas negative values of 13 are
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Figure 8. Interpretation of regiona on the k-~ plane.
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associated with a wave in the opposite'direction. We shall refer to the

former as a' '"forward wave;" and the latter as a. "r-ever-se wave ~n (The

reverse wave has' sometimes been called a; backward wave; however, it is

preferable to avoid this nomenclature since the term "backward wave" has

another connotation.)

The relationship between k and ~ is obtained analytically by separating

the electromagnetic field problem into transverse and longitudinal parts.

The longitudinal axis corresponds to the direction for which ~ is to be

determined. This technique is associated with the method of separation

of variables which is commonly used to reduce partial differential equatiOns

to several ordinary equations. The partial differential equation of interest

for electromagnetic problems is the time-reduced wave equation.

(55)

Let us suppose that the axis along which ~ is to be evaluated corresponds

to the z-axis of a cartesian coordinate frame. The variables of the trans-

(56)= 0

SUbstituting in Equation (55),

2 l
\l T + 

L

l
T

verse plane can be taken as general curvilinear coordinates lll' u
2

0 To

separate Equation (55) into transverse and longitudinal parts, we assume

that ~(ul'u ,z) can be written as a product of a transverse function
. 2

T(u
l,u2

) and a longitudinal function L(z).

we obtain

(57)

relating the separation constants K, y; and Equation (55) is reduced to

two differential equations

(58)

- ·h = 0 (59)

The solutions of Equation (59) are of the form

+yz
L(z) = e- (60)

25
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showing that the factor 'I gives the properties of the propagation~along

the z-axis as desired o

It is apparent from Equation (58) that the dispersion properties and

the solution of the field problem in the transverse plane are intimately

connected. For example, in the case of a hollow pipe waveguide, with

perfect conducting boundaries, the permissible values of the transverse

phase constant K form a set of constants (eigenvalues) which depend upon

the geometry of the boundary. To each eigenvalue there corresponds an

eigenfunction which describes the transverse behavior of the field. For

example, a rectangular waveguide of width a and height b has eigenvalues
. by34,35

g~ven

(61)

where Land M are positive integers. Because of the vector nature of the

electromagnetic field, there are two infinite sets of eigenfunctions which

have the above eigenvalues. Transverse magnetic fields are obtained from

FLM(X,y) = sin L~x/a sin M~y/b (62)

whereas transverse electric fields are obtained from

FLM(x,y) = cos Lwx/a cos M~y/b

Each eigenfunction corresponds to a mode in the waveguide.

Let us suppose that K is the eigenvalue of the nth waveguide when
n

the guide is operated above the cut off frequency for the nth mode, then

y = j~n and Equation (57) can be written in the form
n

(63)

(64)

from which a dispersion curve is readily plotted since this represents

the equation of a hyperbola with a vertex at k = K as shown in Figure 9.
n

We note that the asymptotes for the given hyperbola bisect the angle

between the ~ and k axes, and, therefore, fallon the boundary between

the fast and slow wave regions. Any mode in the closed waveguide is,

therefore, a fast wave with respect to the: interior medium. Note that

the form of Equation (64) is dependent upon k exceeding a certain minimum

= K •
n

for k
,

for this. mode is possible

K •
n

propagationUndamped

There are no real values of ~ which will

less than

value (the vertex) k

satisfy Equation (64)

frequency for the nth mode.
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Figure 9. Dispersion diagram for hOllow-pipe waveguide.
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only if k

K 2
n

is greater than K. For frequency such that k < K , P ;
n n n

will be imaginary, P ; ju , and Equation (64) becomes
n n

k2 + u 2 ; ~
n n

(65)

Substitution of P ; ju into Equation (64) shows that the longitudinal
n n

variation of the field in this case corresponds to a damped (evanescent)

wave ..

It is oftentimes useful to extend the dispersion plot to include the

imaginary or complex values of p. The plot of Figure 9 can be so extended

by labeling

well as p.
the horizontal axis as u (attenuation in nepers per meter) as

From Equation (65) it is apparent that for k < K the plot of
n

k versus u has the form of a circle.
n

2.3 Radiation Properties of Dispersive Structures

Since we are primarily interested in the application of dispersion data

to antenna problems, let us next consider how SOme radiation properties can

be obtained very simply from the dispersion curves. Suppose some dispersive

structure is contained in the cylindrical volume shown in Figure 10. By

uSing Huygen's principle, an equivalent current distribution can be obtained
. 36 37on the surface of the cy11nder.' Let us assume the current is describ-

able by a single wave with a longitudinal phase constant, p. Once again

the separation into transverse and longitudinal problems is possible.

However, the boundary condition on the transverse problem in this case is

chosen to insure appropriate field behavior at infinity.

The transverse and longitudinal separation constants are still related

by Equation (57), with Y; jp

~ + p2 ; k2

but discrete values of K are not dictated by the boundary condition. We

can consider, therefore, that k and P are fixed by the operating frequency

and the structure boundaries, respectively, and Equation (57) can be solved

for K. We note that p > k corresponding to values in the slow wave region

on Figure 8 leads to imaginary values of K, whereas for P< k, K is real.

Real values of K give propagating waves in the transverse direction.

Imaginary values give damped transverse behavior.

28
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Figure 10. Hypothetical cylindrical surface used.
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representable
-T
r is the

representing
-jKp

e
At large radial distances, the fields will vary as p

outgoing waves. It is thus apparent that the distant f~ld is
-e A /\ -j{3of7

in terms of a propagation vector ~ = P K + z ~ as e where

position vector. The angle which the propagation vector ~ makes with the z

axis is given by

cos e =~
k

(66)

as shown in Figure 11.

We conclude, therefore, that a fast wave (~/k < 1) along the z-axis will

give rise to a wave traveling at an angle with respect to the z-axis, whereas

a slow wave (~/k > 1) along z will produce only a damped transverse wave.

When ~ is less than k the length of the propagation vector is fixed, equal

to k. The locus of all possible such vectors is, therefore, a circle in

the K-~ plane that is shown in Figure II. For any given~/k < 1 the

direction of propagation in the distant field is obtained by a projection

upward from the given point on the ~/k -axis to the point of intersection

with the circle of unit radius. A line from the origin to the intersection

makes an angle e with respect to the ~-axis which is identical to the angle

of propagation by virtue of Equation (66).

The foregoing discussion applies to the case where the longitudinal

field variation On the surface of the cylinder of Figure 10 is limited to

that of a single undamped wave. A practical system which could be con~

sidered to give rise to such a distribution on a circular cylinder is

composed of a narrow longitudinal slit cut i.n the wall of a circular

waveguide operating in a dominant mode) as shown in Figure 120 However,

since the slit will couple energy from the waveguide interior to the

exterior region) the wave in the guide will n~ longer be undamped and will

have an attenuation factor due to the energy loss. In this case, the

propagation constant along the cylindrical surface will be complex, and

a modification of the previous discussion is in ardera

When considering a complex wave, the source must be restricted in

extent in one direction to avoid a singularity in the source description.

A semi-infinite line source is chose, therefore, as a simple model and the
-yzcurrent along the line is assumed to vary as e ,where y = a + j~.

The far-field radiation pattern is proportional to the Fourier

transform of the damped current wave. Thus, the pattern is given by

•

•
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Figure 11. NOrmalized space spectrum diagram showing relation
between longitudinal phase constant and direction
of propagation •
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Figure 12. Cylindrical waveguide with long, narrow slit in
the conducting wall.
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Thus,+1
a+j «(3-k cos e)

cos 8
dz , which yields p(8) = -..,.""':-,---=--jkz

e

•

the magnitude of the distant field is given by

(67)

However, the patterns of

between half-power points

The maximum field occurs dP
where d8 = 0, which gives (3 = k cos 8 as before.

Equation (67) have finite beamwidth, the angle

8
1

and 8
2

being given by

If a is large, the term

all angles of 8 and the

8 _ cos 8 = 2acos 12k

a2 dominates the expression for the pattern for

beamwidth is large. However, as a becomes smaller,

(68)

the beam narrows. The limiting case, as a goes to 0, gives a delta

function of the form 5(~k cos 8). From the foregoing discussion it

should be clear how (3 controls the direction of radiation and a controls

the width of the radiated beam.

2.4 Dispersion Characteristics of Periodically Loaded structures

•

•

In the previous sections, we have seen how the dispersion relation is

obtained in closed waveguides, and how the dispersion properties can be

used to predict certain radiation characteristics when the waveguide is

coupled to space along the longitudinal axis. In many cases, .. the coupling

between interior and exterior regions takes the form of discrete periodic

loading rather than continuous coupling. Whereas the continuous coupling

gives rise to a perturbed dispersion curve primarily because of the atten

uation due to radiation, the case of discrete periodic loading may give

rise to a different type of change in the dispersion curve. As an

example of the latter case, let us consider a closed waveguide which

is periodically loaded with obstacles, such as shown in Figure 13. If

the hole in the coupling irises is almost equal in diameter to that of the

t

waveguide itself, then we would expect the effect of the irises to be

small and the dispersion curve· should follow very closely that of the

unloaded waveguide shown in Figure 9. However, at each obstacle there will

be relection as well as transmission. At certain frequencies the reflec

tions from the successive obstacles will add in-phase. These frequencies

will be nearly equal to the frequencies for which the one-way phase shift

33
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Figure 13. Longitudinal aection of waveguide showing
periodic placement of irises.
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between obstacles in the unloaded gUide is .in integer multiple of 'IT. These

frequencies correspond to the centers of the stopbands in which undamped

propagation is not possible.

A qualItative argument can be given for the form of the dispersion

curves for the iris-loaded waveguIde. From the results of Floquet's theorem

given in Section 1, it is apparent that additional waves must be added to

each mode In the unloaded waveguide in order to satIsfy the addItIonal

boundary conditions introduced by the perIodic discontInuities. As was

previously shown, these new waves (space harmonics) differ in cell-to-cell

phase shift by an integer multiple of 2'lT. Dispersion curves for each

indivIdual space harmonic could be added, therefore, to a k-~ plot by

simply shifting the curves the appropriate amount along the horizontal

axis. Since little perturbation of the diagram is expected in the case

when the iris hole is almost as large as the waveguide cross-section, the

curve corresponding to minimum phase shift will be approximately the same

as the dispersion curve of the untoaded waveguide. Figure 14 shows this

curve for the fundamental wave along with the displaced curves representing

the n=l and n= -1 space harmonics.

The principal effect due to the irises Occurs at the frequencies where

the various space harmonic curves intersecL This occurs at cell-to-cell

phase shifts which are equal to an integer mUltiple of 'IT, as previously

stated. In the vi.cinHy of these points, the stopbands are formed.

Throughout the stopband, the phase shift is maintained constant with

frequency, but the attenuation increases from zero to a maximum and then

back to zero. The form for the dispersion curve of the iris loaded wave

guide is thus as shown in Figure 15. It can be shown that no energy propa

gates down the guide at any frequency which falls inside the stOpband.

Neglecting losses, the input impedance of a periodically loaded waveguide

at any frequency in the stopband is, therefore, purely reactive, whereas

the impedance in the passbands is real. A section of periodically loaded

waveguide call be used, therefore, as a filter since signals at frequencies

in the passband wIll appear unattenuated at the output, whereas signals at

frequencies in the stopband will be attenuated.

In many antenna systems, partiCUlarly in the VHF band and at lower fre

quencies, the radiating elements are excited from a two-wtz-e line with a small
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Figure 14. Dispersion curve for unloaded waveguide plus shifted
curves representing approximate locations of n= + 1
space harmonics for small loading.
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Figure 15. Dispersion diagram for waveguide with periodic iris
loading showing formation of stopband due to loading.
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croSS section in wavelengths so that only the TEM mode need be considered.

It is a relatively simple matter to study the dispersive properties of such

a line when it is periodically loaded with discrete elements. As an example:

consider the case of a two-wire line which is periodically shunted with

identical admittances, Y
L,

as shown in Figure 16. An equation for the propa

gation constant for a wave on such a line is easi.ly derived by using the

compensation theorem for networks. Alternate methods of derivation are

discussed in the next section.

The voltage and current along the line are unchanged when each shunt

element is replaced by a constant voltage generator which maintains the same

voltage acrOSs the line that was originally present. The 'circuit then appears

as shown in Figure 17. The current into the zero node is now composed of only

five terms since generators corresponding to nodes m = -1,0,+1 are the only

ones which can contribute due to the short circuit conditions which the other

voltage generators apply across the line. First, there is the current through

the zeroeth generator, which is given by - ti
o

Y
L

• The currents into node

zero due to .~ correspond to the input currents of two short-circuited sec

tions of line of length d, and free-space phase constant, k. Since the input

admittance of such a line is given by -j Y ctn kd, where Y is the charac-
c c

teristic admittance of the line, the total current into the node due to ~

is given by ~2j Y
c

ctn kd. The current into the node due to the n = -1

generator is the short-circuit current which flows when V is applied at a
-1

distance d away. This current is given by -j ~lYC esc kd , Similarly, the

short circuit current due to generator ~ is given by -j 2( Y
c

csc kd.

Summing the currents into node zero, therefore, yields the following result.

•

•

j 2(l Y
c

c sc kd + V(Y -2j Y ctn kd) + j
o L c

v;: Y
c

esc kd = 0 (69)

Now by virtue of Floquet's theorem; we can write that if 1/ if is equaL
-yd AI' AI' n+ n

to e. SUbstituting for (/ -1 and (/1 in terms of V;; using this relation,

and simplifying: leads to the following result:

cosh yd = cos kd + j sin hd (70)

It follows from duality that the characteristic equation for a line

periodically loaded with series impedances is given by

38
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Figure 16. A transmission line periodically loaded with
shunt elements.
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Figure 17. Periodically loaded line with loads replaced by
voltage generators according tocompeDsation theorem.
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cosh yo = cos kd + j sin kd (71)

Several characteristics of the dispersion curves of periodically loaded

lines are apparent from these equations. When the loading is purely reactive,

Y
L

= j B
L

Or ZL = j XL and the right hand side of Equations (70) and (71) is

real. Since

cosh )'d = cosh (a + jl3) d = cosh ad cos I3d + j sinh ad sin I3d

we have

cosh ad cos I3d = cos kd - K sin kd

sinh ad sin I3d = 0

whe.re

(72)

(73)

K = or

The latter equation can be satisfied in either of two ways. If ad = 0, then

we obtain

cos I3d = cos kd - K sin kd = F(kd) (74)

• and if I3d = nW, n = 0, 1, 2, <> <> <> , we get

+ cosh ad = F(kd)

Equation (74) has solutions only if

IF(kd) I <:

(75)

which serves to define the frequency ranges corresponding to pass bands. When

F(kd) > 1, Equation (75) must be used and it, therefore, defines the stopbands.

Note that in the&opbands the phase shift between adjacent cells must be either

zero or an integer multiple of W for the case where K is real (reactive loads

on a line with real characteristic Lmpedance)";

If the reactive loading is series capacitive or shunt inductive, then K

•

•

is negative. For series capacitance loading

K
1 d 1

MC
= - = --- =2wCZ 2cCZ kd kd

c c

while for shunt inductive loading

K = 1 d 1
M

L- = - =2wLY 2cLY kd kd
c c

41
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F(kd) '" 1 -

8
(c = 3 x 10 m/sec). For small kd, F(kd) becomes

(kd) 2

2 + M

Since F(kd) > 1 for small kd in this case, the series capacitive and shunt

inductive loads produce a low frequency stopband.

The upper limit of the stopband is given by

(78)

where

F(kd) = cos kd + M
sin kd

kd = 1 (79)

M = M
c

or M
L

depending upon the type of loading. The value of the upper limit is thus

determined by the intersection of curves for fl(kd) = cos kd and f
2

(kd) =
1

sin kd
-M kd as shown in Figure 18. Note that this intersection occurs at

small kd for M small, near ~/2 for M of the order of unity, and approaches

~ for large values of M.

The lower and upper limits of the next higher stopband are given by

sin
or the intersections of fl(kd) = cos kd and f

3(kd)
= -l-M kd

apparent from Figure 19, the first intersection always occurs at kd = ~

F(kd) 1
kd

As is
•

and the width of the stopband~ increases with increasing M. Successive

higher order stopbands b~gin at kd ~ n~ and have widths which are governed

by M in the same manner as for the first stopband. However, the bandwidth

of each succeeding stopb~nd is reduced by the effect of the factor l/kd

mUltiplying sin kd in F (kd).

If the reactive loading is series inductance or shunt capacitance, then

K is positive o For series inductance

wL
K=-=

2Z
c

kc dL
2dZ

c
=

cL---
2dZ

c
kd (80)

while for shunt capacitance

WC
K =-- =

2Y
c

so that K = Nkd where

kc dC
2d Y

c

cC
= --kd

2d Y
c

42
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f(kd)

/': (M small)

Figure 18. Location of upper limit of low frequency stopband

as determined by parameter
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Figure 19. sin kdPlots of fl(kd) = cos kd and f
3(kd)

= -l-M kd

showing the intersections which determine the lower
and upper limits of the second stopband for case of
series capacitive or shunt inductive loading.
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Hence, in this case,

cL
:; 2dZ

c

cC
2dY

c

For small kd

cosh ~d = cos kd - N kd sin kd = G(kd) (82)

G(kd) ~ 1 - (N+ 1/2) (kd)2 (83)

and the low frequencies correspond to a passband in this case. The lower edge

of the first stopband is given by

G(kd) = -1

Figure 20 shows the curves fl(kd) and f
4(kd)

= -1 + N kd sin kd intersecting

at the lower edge of the first stopband. For small N the stopband begins

just below kd = 11, for N of order unity, the lower limit of the stopband is

about kd = 11/2 and as Nincreases the lower limit approaches kd = O. The

upper limit of the stopbands are given by

G(kd) = + 1

occur at kd = nll. Stopband widths are governed by N and increase for higher

order.

The foregoing points are illustrated in the kd-~ plots shown in Figures

21 and 22. The first shows calculated dispersion data for the case series

capacitive loading for which M = 1/3, 2/3 and 4/3. This may, for example,

correspond to putting 5 pfd capacitors in a 50 ohm line at spacings of 0.05,

0.1 and 0.2 meter. Figure 22 shows calculated data for series inductive

loading with N = 15, 6 and 3 which corresponds to one ~hy inductors in a 50

ohm line at spacings of 0.2, 0.5 and 1 meter.

Using series reactive loading of the foregoing types in log-periodic

fashion has only recently been investigated and so far there is little data

available. However, some success in achieving frequency stability inimpe

dance of a high effiCiency, long wire antenna using. log-periodic series
38

capacitors has been reported. There are many successful log-periodic

antennas that have been extensively investigated, however, which can be

approximately analyzed by alloWing the reactive loads of Figure 16 to become

resonant circuits. 39,40

It is well known that the impedance characteristics of linear dipole

antennas are very similar to those of open transmission line sections.
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Figure 20. Plots of fl(kd) and f 4(kd) = l+Nkd sin kd showing the
intersections which determine the limits on the first
stopband for series inductive or shunt capacitive loading.
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It is instructive, therefore, to consider the k-~ diagrams for transmission

lines which are periodically loaded with transmission line stubs, as shown

in Figure 23 and seek a correspondence between this model and periodic and

log-periodic arrays of dipoles, A series resistor is introduced in the

stubs to simulate the radiation loss of the dipole, The parameters of. such

a system are now composed of the period, d, the stub length, L, the charac

teristic impedance of the feeder ZO' the characteristic impedance of the

stubs, Z , and the series resistance, R, It is apparent, of course, that
s s

this simple transmission line model does not include the effects of field

coupling between dipoles,

Equation 70 can .be readily solved on a digital computer for the model

described in Figure 23, Figure 24 shows a number of k-~ plots as the value

of R is varied from 0 to 73 ohms, The stub length was chosen so that the
s

first resonance occurs at 275 Mc, Note that a stopband occurs near 250 Mc.

When R ~ 0, the phase shift in the lower part of the stopband is constant
s

with frequency at a value of W radians per cell, This value corresponds

to the result which was obtained in the case of the periodically loaded

waveguide and reactance-loaded lines. As R is increased, however, the
s

maximum penetration of the k-~ curve to the right decreases until for the

case R ~ 73 ohms the maximum phase shift in the stopband is less than
s

7/10 radian per cell. Note also that the attenuation in the stopband

However, even though there isdecreases as the value of R increaseso
s

attenuation at all frequencies due to the loss in the resistors, the

attenuation reaches a maximum in the stopbando

Significant difference between the k-~ plots of the stub-loaded trans

mission line and those of the iris-loaded waveguide or reactance loaded

lines is produced by the resonant nature of the loading in the former

caseo The sign reversal on the reactance of the loading which occurs at

resonance produces a rapid change in the phase shift near that frequency,

In the lossless case, the k-~ plot is seen to reverse direction abruptly at

275 Mc, Whereas the phase shift in the stopband.below 275 Mc is fixed at a

value of ~ radians per cell, above the resonant frequency the phase shift

corresponds to zero throughout the remainder of the stopband. Although the

effect of losses is such to change the abruptness of the cutback in the
•

curve, the effect nevertheless remains observable for all values of R •s

49



I.. d

Figure 23. Transmission line periodically loaded wi th
resistor-stub elements.
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A set of calculated k-13 plots for the stub-loaded line showing the

variation as the characteristic impedance of the stub is changed is given

•

in Figure 25, In this case the

10 ohms and it is to be noticed

resistance R is held fixed at a value of
s

that the maximum phase shift corresponding

to this value of R is changed very little by changes in the value of Z •
s s·

It is also noted that the maximum attenuation is affected very little by

changes in Z, However, the frequency span of the complex wave region
s

where there is appreciable attenuation is dependent upon Z , being largest
s

for the smallest value of Z •
s

It is apparent from the data shown in Figures 24 and 25 that the

maximum phase shift in the complex wave region (which corresponds to the

stopband in the lossless case) is

also true of the maximum value of

governed by the value of R, This is
s

attenuation. Figure 25 and Equation (70)

show that the frequency span of the complex wave region as before, is

governed by the relative value of the stub to transmission line feeder

characteristic impedance. Both of these factors have important consequences

in the design of log~periodic antennas, which will be considered in greater

detail later.

The k-13 plots shown in Figures 24 and 25 correspond to periOdic ele

ments which are very closely spaced in terms of the wavelength, being

approximately 0.06A apart at the resonant frequency of the stubs, This

close spacing was chosen to correspond to a laboratory model of a uniformly

periodic dipole array which was designed to simulate the conditions of the

active region of a log-periodic dipole array • Such close-spaced elements

are not uncommon in log-periodic antennas. Although they may not give rise

to optimum gain, they do result in a compact antenna.

Nevertheless, it is instructive to also consider how the k-13 plots

are affected by increased spacing between the reactive loads. Figure 26

shows computed k-13 plots for Z ~ 300, R ~
s s

L ~ 27.25 em) for various values of spacing

10, Z ~130, (stub length
a

between stubs. As could

reasonably be e~pected, the maximum phase shift is greatest for the dipoles

which are separated by the greatest distance, However, there is sizeable

departure from the result which would be obtained by assuming the wave

travels with free-space velocity along the line. The ~k line is shown

fOr d ~ 21.25 em. for comparison, Figure 27 shows computed dispersion
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data for the stub-loaded line when d has been increased to 37.8 em. Two

values of characteristic impedance are illustrated, Z =50 ohms and 130
o

ohms. The calculations are extended in frequency through and past the

second stopband. The stub resistor was omitted in both cases. Once again

it is seen that the width of the stopbands is dependent upon the relative

characteristic impedances of the stubs and feeder.

As noted before, the loss in the stub tends to decrease the pertur

bation in the dispersion curveo An extreme case is shown in Figure 28

where the value of R has been increased to 73 ohms for values of Z ofs 0

50 and 130 ohms and stub impedance Z of 300 ohms. In this case, the
s

reversal in direction of the dispersion curve at resonance does not

occur and shows only slight perturbations in the region near resonance

where the stopband would ordinarily occur. Note also the dOUble-humped

characteristic of the attenuation curve in this case o

Of the foregoing data, Figures 24 and 25 represent most closely the

type of conditions found in a typical log-periodic array of resonant

dipoles. The succeeding plots indicate that a wider variation in ampli

tude and phase characteristics is ~vailable through variation of parameters

and suggests that antennas with characteristics quite different from the

early log-periodic arrays may be feasible. Further investigations directed

toward emplOying a wider variety of parameters in log-periodic antenna

design, therefore, are deemed appropriate and the utilization of both

calculated and experimental dispersion data would appear to be quite useful

in these efforts. However, there certainly exist limitations in the

applicability of the dispersion data for uniform periodic structures of

the closed type considered up to this point when considering structures

which are open and also log-periodic. Further discussion of these limita

tions is contained in the following section.
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PART III

DETERMINATION OF DISPERSION CHARACTERISTICS OF OPEN PERIODIC

AND LOG-PERIODIC STRUCTURES

3.1 Introduction

Many log~periodic antennas can be explained in terms of the idealized

model considered in the previous section. This model consists of a trans-

mission line with lumped series impedance ZL' or shunt admittance Y
L

,

both. In open structures the model previously considered may not be

adequate due to the field coupling between cells. It is thus desirable

to consider a new model which accounts for the field coupling by considering

the mutual impedance between cells. In order to relate this model to the

previous chapters on periodic structures and the k-~ diagram, we start with

the periodic version of the model and derive the equation for propagation

constant,~. An approximate solution for the k-~ diagram is obtained and

this is related to the k-~ diagram of a transmission line with distributed

but nonuniform series impedance, shunt admittance, or both. An approximate

solution for the nonuniform line is obtained, and an approximate solution

for the space harmonics is also obtained. It is shown that at most one

pseudo traveling wave and its associated reflected pseudo wave may be

present on the structure and still have the voltage and current scale

continuously with frequency~ This condition is vital to the success of a

log-periodic structure as a frequency independent antenna.

3.2 Periodically Loaded Transmission Lines

Figure 29 shows a periodically loaded line with coupling between cells.

A current generator is connected to each mode. The normal modes that may

•

exist on the structure are obtained by setting the driving functions

zero and also using Floquet's theorem described in Part I. However,

I to
n

the

matrix equation describing the open network shown in Figure 29 is compli

cated by the addition of mutual admittances to account for the field coupling

from cell to cell. Thus,_ we have
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TRANSMISSION LINE LOADED PERIODICALLY WITH SHUNT

ELEMENTS Ys AND MUTUAL ADMITTANCES Ymoi

Figure 29. A periodically-loaded line with coupling between cells.
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In this case, all generators will contribute due to

respectively, the current, and voltage at the nth input

elements Y can be interpreted as the ratio of current
mn

to a unit voltage generator at port n with al16ther

port.

at pdrt m(I ) due
m

ports short-circuited.

where I and V are,
n~ n
The matrix

field coupling although many terms may be small due to large distance of

separation between ports.

Consider the equation for I which is
o

I =o (85)

YOOiS the input admittance at the zeroth port with the other ports shorted

so that V
n
= 0, n F O. Hence, Y

OO
is given by

co
:E

i.::::::-oo
Y . - 2j Y cot kd

mo a 0
(86)

Y
s

is the admittance of each shunt element, Y
s t

= -j YO cot kd is the

admittance of each of the shorted lines of length d extending away from

the zeroth port and Y . is the mutual admittance between ports zero and
mo i.

i. The characteristic admittance of uniform transmission lines is YO'

and it is assumed that the propagation constant on the uniform line is

the free-space wave number, k. The term VOl can be obtained in a similar

manner since

with V = 0
n

n F 1 (87)

where 1
0

is the short circuit current at port zero of the transmission line

wi.th voltage VI applied a t port one, plus the short. c.trcuitvcur-rent at
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•
port zero due to the mutual coupling with voltage V applied to port one.

1
The transmission line portion of Y

OI
is given by

(88)

The mutual part depends on the type of open cell loading the transmission

line. However, for small kd, j YO csc kd is very large and the mutual term

may be negligible in comparison, so that

.. j Y csc kd
o

(89)

Since the normal modes

set I to zero, and
o

The above approximation cannot be made for the remaining Y
o i

terms as the

transmission line portion is no longer presento
Vn+l -jf3d

From Floquet's theorem we have that~ = e •

of the system correspond to source-free -conaitions J we

Equation (85) reduces to

o =
.2RdY eJ ,...

0-2
(90)

(91)

00

:2:;
i=-oo

Since by symmetry Y = Y Equation (90) can be put in the following form:
o-n on'

[Ys

00

j2YO
cos f3d csc kd a:: j2Y cot kd - + 2 :2:; Y cos nf3d +

0 n=2 on

Comparing with the standard form of a transmission line loaded periodically

with lumped loading circuits, as determined in Part II,

cos f3d .. cos kd + sin kd (92)

we see that Equation (91) is of the same form where

00

:2:;

n=2
Y cos nf3d
on +

00

Y .
m01

(93)

The equation for the k-f3 curve for the transmission line periodically

Loaded with lumped series elements with coupling between cells may be derived

in a similar manner and the solution is given by
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where

cos(3d ~ cos kd + j sin kd

1
Z

s

1

00

+i;;;-OO
1

z .
moi

+ 2
00

L:
ll=2

Z cos n(3don (94)

where Z is the impedance of each series element and Z . is the mutual
s moi

impedance between ports 0 and i.

The procedure for obtaining the equation for the k-(3 curves for lines

with both series and shunt elements periodically placed as shown in Figure

30 is identical. However, the assumption can be made that YLalready

includes the coupling effects. The only difficulty introduced is then

the determination of Y
oo

and YOlo The equation for Y
OO

is given by

where Yi nL is the input admittance looking to the left with the n=-l port

shorted, and Y
i nR

is the input admittance looking to the right with the

n=+l port shorted. The equation for Y
OO

is, therefore,

(95)

Y
o

cos + j sin kd (Y + Y0
2

ZL)
L

j sin kd
(96)

and Y
Ol

is given by

-1

kd + j YO sin kd ] (97)

After a few algebraic manipulations the dispersion relation can be put in the

following form

cos. f3d ~ (1 + Z~Y
L)

cos kd + j ( 2:~ + 2:~ ) sin kd (98)

It can easily be seen that Equations (92) and (94) are special cases of (98).

For the periodic structures the k-f3 diagram represents the variation

of (3 as frequency is changed on a structure with fixed d. In the log-periodic
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Figure 30. A line periodically loaded with both series and shunt
elements.
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case, d becomes variable. For the information contained in the k-~ plot for a

periodic structure to be applicable to the corresponding log-periodic structure

at a single frequency a change in d must be equivalent to a change in k. In

order to investigate this requirement further, consider once again the shunt

loaded case.

If a change in d is equivalent to a change in k then Y
L

must be a function

of the product kd, and the effect of mutual coupling upon Y
L

must be independent

of the taper angle. If Y
L

is such a function, then the kd-~d diagram obtained

from the periodic structure may be applied exactly to the LP structure. This

restriction is not as severe as it first appears since all geometrical shapes

whose dimensions are proportional to d will have this property provided mutuals

are not important. However, the dispersion curves yield no information about

the relative amplitudes of the. various space harmonics. From this, one can

see that the equivalence is not exact for arbitrary periodic structures. The

kd vs ~d curves for the periodic and log-periodic structures will not be the

same in the region where distant mutuals are important on the periodic structure.

For example, the mutual impedance terms in a periodic array of linear dipoles

are insignificant when the frequency is considerably below the half-wave

resonant frequency of the elements. Therefore, the kd-~d diagrams of the periodic

and log-periodic structures will be almost identical in this region. However,

in the frequency region near the half-wave resonance of the dipoles on the

periodic array the mutual terms from elements several periods away are signi

ficanto In the tapered version these mutual terms are considerably influenced

by the change in the distant element length; consequently, one should not

expect an exact correspondence of the kd vs. ~d curves in this region. This

is most unfortunate as it is the region near dipole resonance that-is of

most interest on the log-periodic dipole array.

From the above one can conclude that there is an exact correspondence

of the kd-~d diagram of the periodic structure and the kd-~d diagram of the

LP structure only if the propagation constant is determined by the local

behavior of the structure. However, if the angle of taper is small enough

and T~l for the LP case, then the dispersion curves for the uni!orm periodic

and log~periodic are approximately the same in all regions.

Next we will obtain an approximate solution for the propagation constant

of (92) and derive the relationships between the propagation constants on

periodic, log-periodic and continuously scaled structures.
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If the spacing d is < A /10, where A is the wavelength on the trans-- g g ..
mission line, Equation (92) can be approximated by keeping the first two

terms of the cosine series and the first term of the sine series. Then the

approximate equation is

1 - 1/2 ({3d)2 = 1-1/2 (kd)2 + j kd

and
2

(~) .. 1 - j (100)

If YL is a smooth function of frequency one can make the further

approximation that YL/d is a continuous and distributed function. This

allows the interpretation that a continuous change in frequency is equi

valent to a continuous change in d ·01' the:·p6sitioI110n the structure.

Before proceeding further with this result, a nonuniform but continuously

scaled transmission line will be investigated.
39It has been established by Mittra and Jones that the voltage and

current on a nonuniform transmission line will scale as a continuous

then the differential equation

is given by

the nonuniform line as jWC +

function of frequency if the admittance per unit length is of the form

admittance per unit length onf(kx)/x or k f(kx). If one chooses the
Yt(kx)

(l-T)X' ,
for the voltage along the transmission

,

VV~ (k
2

wL Y
L o(x-x)+ - j (l-T)X) V = - jWL 0

k
Y

V" (k
2 L

) 6(x-x )+ - j
(l-T)Y X

V = ~jWL
0

0

(101)

(102)

Notice that the transmission line must

voltage is to scale in a continuous manner o

be infinite and x
o

However, if there

= 0 if the

isa region

of large attenuation on the transmission line, the continuous scaling

property will not be greatly perturbed by truncation past the attenuation.

Next define a new variable z = kx , Now (102) can be rewritten as

6 (z-z )
o

(103)
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O(z-z ) and
o

From (103) it

where it has been recognized that-j~L O(~ _ z~) = -jZO

Zo is the characteristic impedance of the unloaded line.

can be seen that the position of excitation, x , must be scaled if the
o

voltage is to be a function of the product kx. For an arbitrary input

signal the frequency components must be restricted such that kx «1
o

for all frequencies of interest. This implies that x must be small in
o

comparison to the shortest wavelength of interest.

It can be seen from (103) that (~/k)2 on the nonuniform line is

identical to the approximate (~/k)2 given by (100). The properties of
39

(103) were studied by Mittra and Jones for a Y
L

of the form

and

The forms given by (104) were chosen because they are a reasonable

representation of the dipole loads on the log-periodic dipole array • It

was found that the WKB2,3 approximate solution of (103) is fairly accurate

if the Q of the series resonant circuit given by (104) is on the order

of 10 or less. For the series circuits Q is defined as W LO/RO' where

(104)

[,2
x<j> = L~

R
o

2= R or R W

The approximate solution of (103) is given by

(105)

where y is defined as ~/k. Notice that it is ~/k which is a function of

z only.

Ifx
o

Lntroduced

is small in comparison to the wavelength, there is little error

by assuming that x = O. If x is small enough to make this
o 0
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assumption accurate, then V(k,x) is a function of the product kx = z, and

V(kx) is given by

~ J
1/2

V(:+) = yeO) 1'(0)
tJ y(z)

-j
e

y(y)dy
(106)

The so Lut ton expressed in Equation (l06) is valid when the local reflections

are small. A general second-order equation of the form given by

+ I (z)V = 0 (107)

. 40 41
may be separated into two coupled first-order equatl0ns' given by

and the total solution is Vl(z) + V
2(z).

Equation (104) is the solution of (lOSa) under the assumption that

ly'(z)/2Y(z)I «1. The solution of (lOSb) may be obtained by using (104)

for VI and then integrating the first-order differential equation. The V
2

solution represents the reflected pseudo wave and is always present even

though it may be very small. If it is small (lOSb) can be soLved by

multiplying both sides by the integrating factor
!

exp f Z [-jY(fL) + 'I' (fL)/2Y(fL)] dfL

Z
o

and integrating both sides of the equation to obtain

V
2(z)

= [y(zo)/Y(z) ]1/2 exp [.J JZ y(y) dy] {V
2(Zo)

+

z
o

(lOSa)

(lOSb)

(109)

[1" (y)/2 y(y)] exp [-j2 Jzy Y(fL) dfL] dY}

o

(110)

•

"

The constants V (z ) and V (z ) must be determined by the boundary conditions
1 0 2 0

at the termination points X
o

and x
T'

One possible condition is to insist that

the wave be outgoing at x
T

as x
T

approaches infinity. With the above restriction,

plus the restriction that the total V at x =xobe Vo' the total V is given by
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V(z) y(y) dy]

- [exp (j JZ
Z

o
J

oo

Y dy)][

Z

(y'/2y) [exp(-j {y y dfJ-)]dY~
o

(111)

where
Y

(y'/2y) exp <-j2j
Z

o

Y dfJ-) dy]

The input impedance of a transmission line which satisfies (Ill) is given by

z.
~n

V(z )
o

= I""(Z)
o

=
-zV(z )

o
k V' (z )

o
=

J
oo

-j Z [1 - (y'/2y) exp (-j2
o

z
o

Y du) dy]

(112)

00

-jy(zo) + (y' (zo)/2Y(zo) - jy(Zo»J

z
o

Y

(Y'/2Y) exp (-j2J
z

o

Y dfJ-) dy ,

In general, the input impedance has a reactive component and is frequency

This phenomena has been observed byprovided z = kx «10
43 0 0

and Mayes on experimental antennas~

independent

*Ingerson

Next we will consider the case of series loading only. For this case,

(113)

This type of loading has been studied in SOme detail by Ro DuHamelo* The

differential equation for this case is the same as that of (103); however,

in this case, the equation is for the current instead of the voltage. This
42

arraydipoleused to explain the log-periodic folded
43 44

antenna. Mittra and Klock recently derived the

type of loading may be

and the conical spiral

*Unpublished results.
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(114)
'ICy) dy

e

1/2

J(z) ~ J(O)
'I(z )

o
'I(z)

Equation (114) is for the current along the tape arm and includes

approximate current distribution on the conical spiral by using the k-P
diagram of the uniform bifilar helix. Part of their solution for the

current density

rotating as one progresses down the structure. However, if the fields

areprOhed with a loop or small dipole which is not rotated as the probe

is moved down the structure, the phase progression will not be given by

(114) which may be considered as the fundamental, but rather by a harmonic.

Equation (114) is the approximate solution for the zero order harmonic,

and the bifilar backfire helix and the log-spiral have the n = -1 harmonic

as the dominant term in the near fields. This is a natural consequence of

the twisted pair transmission line. The n= -1 harmonic is also characteristic

of the LP folded monopole array and the LP dipole array because of the

reversal of alternate radiating elements or the twisted pair feeder trans

mission line

We will investigate the modifications necessary to take into account

the nth harmonic .bef'or'e investigating the more complicated structure with

both series and shunt loading.

As it was previously pointed out, Equation.(114) is the approximate

solution for the zero-order harmonic. For the LP dipole array every other

element is fed in alternate phase and, since the total current through an

element is V(-Y
L',

it is immaterial whether the phase change is attributed

to YLor the voltage V.. The latter case corresponds to a twisted pair

transmission line feeder,; Since mathematically it makes no difference.,

we will attribute the change to the voltage on the transmission line, and the

currents to alternate dipoles will not be reversed. Fer the periodic case

P is given by P + n~/d and for the log-periedic case it is given by
n 0

n~

z(ln 'T)
(115)

•

Equation (115) is derived by mapping the periodic solution with the trans

formation
y = A In x (116)

with the restrictions
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............. n __•• --,

-1
y. + d = x +d/T = T X

o 0 0
(117)

From Equations (116) and (117) the transformation is given by

y = - 1 n x/In T (118)

dy = - dx/x In T (119)

Consequently, a differential phase shift in the periodic case given by [3dy

may be obtained from Equation (119)-

The continuous version of the nth harmonic of the voltage or current

is then given by

_j iZy(y)dY

exp (-jll1T In(z/z )/lnT). e 0 (120)
o

I( xis fixed, as it
o

sensitive to a changeis on any practical antenna, the phase term is very

If x is small, the, truncation error for the ze!o harmonic may be negligible;
o

however, for the other harmonics this is not true.

in frequency since z = kx and In (z/z )
o 0 0

easy to see that the individual harmonics

= In(x/x). With this, it is
o

of the voltage or current approxi-

mately scale continuously with frequency except for the phase.

It was shown earlier that n= -1 is the term on the periodic structure

which gives the backfire radiation, and with n= -1 (120) gives the 2~

47
phase rotation principle observed by DuHamel and others. Noticethat

for each n the terms are approximately scaling continuously with frequency

except for the phase terms that involve In(x/x). The solution that is
o

obtained by adding more than one term is frequency sensitive because the

phase angle of the individual terms are frequency sensitive.

solution, then -[3 is also a solution. With this additional
o

If [3 is a
o

type of

solution there exists the possibility of having two terms present and still

sum of these pairs does not

have the voltage scale continuously •.

The -1 harmonic of +[3 and +1 of
o

the -nth harmonic of +13 and the
o

as a pair. However, the

-[3o
nth

The ±~o terms

may exist as a

har-mona c of the

may exist as a pair.

pair, and in general

-[3 solution may exist
o

scale continuously

with frequency but does scale at LP frequencies. It was pointed out

earlier that if both +[3 terms are present, the input impedance is constant
..... 0
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with frequen<;y even though it has a .reactive component. The same is also

true for a general pair +(3. If the -1 harmonic is the dominant term, the
- n

other terms will be present and these terms represent LP perturbations over

a log-period. Notice, however, that if the source is scaled the phase term

disappears

vation x.

because x is changed by the same factor as the point of obser
a

This approximate solution predicts that all LP devices which can

be analyzed in terms of the -1 harmonic will have a phase rotation which is

linear with In (x) if the source truncation point is not scaled with frequency.

There is yet another assumption that is made when Equation (120) is .written.

In general, the wave equation for a tapered structure may be formulated as

an infinite set of coupled first-order equations. In order to write the

solution as (120) it must be assumed that the coupling is negligible, which

may not be· true for an arbitrary set of LP elements loading the transmission

line.

The near fields of the dipole array40 and the conical sPiral
46

may be

explained in terms of

region. However, the

the -1 harmonic from the feedpoint through the radiation
47

stub-loaded LP monopole array cannot be explained

entirely in terms of the -1 harmonic. The measurements made by Hudock and
49

Mayes on the periodic version of this antenna indicate that the zero-order

harmonic is predominant at the launch region and shifts to the -1 harmonic

in the radiation region. The previous theory does not apply to this antenna

for at least two reasons. The first reason is that the structure has a

distinct double periodicity, L e. ,two different loads per period. Such

doubly periodic structures with distinct periods are beyond the scope of

this present work. The second reason is that one of the approximat.ions

made was that Y
L

has a smooth behavior as a function of frequency. The

stubs on the monopole array do not exhibit a smooth behavfo.r near quarter

wave resonance; consequently, the approximation that YL/d is a distributed

load is not valid.

Next we will treat the more complicated case with both ZL and YL•
The approximate solution of (98) for small kd is given by

(l3d/kd) 2", I +
ZLYL ZLYL

j ( YL ZL ) (121)--- --- - +2 (kd) 2 YOkd ZOkd

The corresponding differential equation for this type of loading does

not reduce in a simple way as in the two previous special cases. The

differential equations are given by
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Z
dY

(jwL + L )dx = - (l-T) X

Y
dI

(jWC +
L )

dx = - (l-T)X

I (122)

Y (123)

Ii

Next take the derivatives of (122) and (123) and by letting kx = z the equations

may be put in the following form:

- ~ Un(j Z + -r.--"';:--:
dz 0

Y
L

(124)
Y

[£n(jY
O

+ ~ )]
z

dI
-+
dz

Y Z
L L

[1 - -- +
2

(125)

The solution of a general second-order differential equation of the form

d
2

y dV
dz2 + P(z) dz + Q(z) V = 0

may be solved by assuming a product solution of the form

By putting (127) into (126) and putting the restriction

2Y' + p(z) Y = 0

on Y, the solution of V is given by

V = e-1/2 1z P (x) dx w
o

where W is the solution of the equation

(126)

(127)

(128)

(129)

+ R
2

( z ) W = 0 (130)

and

R
2(z)

= Q(z) - 1/2 pt(z) + 1/4 p2(z)

1 ..;
YLZL + j (

Y
L ZL

= +2 2
(l-T) Z (l-T)Y z (l-T) z Z

0 0

+ 1/4
{:z

[In(jZO +
ZL

~(l-T) z
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Since P(z) in this case is an exact differential, the Y part of the solution

is simple; however, the W part does not appear to have a propagation constant

which is simply related to (122). The WKB approximate sOlution of

(124) is given by

v =

Z 1/2 -j

A(jZO+(l_~)Z) e

R( )1/2

f Z R(y)dy
o (132)

It is clear from (131) that in order for the solution to exist, then in the

limit as Z ~O the ratio ZL/z must be finite. Because of our inability

to relate the solution given by (131) to the approximate (~d/kd)2 in (121),

no attempt is made to find the other harmonic solutions.

3.3 COnclusions

In this chapter we have shown the connection between the k-~ diagrams

of periodic and log-periodic continuously scaled structures. Several problems

related to numerical correspondence between these cases still remain.

Nevertheless, the dispersion data for the periodic case has proved very useful

as an aid to qualitative analysis of log-periodic structures. Examples of, the

applications will be given in the next chapter.

It was demonstrated that the apprmdmate ~ or fundamental harmonic
o

scales continuously with frequency and the other harmonics approximately

scale except for the 2n1T phase ro t at ton, It was also shown that the 21T
47

phase rotation observed by DuHamel is associated with -1 harmonic which

is the harmonic that is associated with the backfire radiation.
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PART IV

APPLICATIONS OF DISPERSION DATA TO THE DESIGN OF

FREQUENCY INDEPENDENT ANTENNAS

4.1 Early Work in Frequency Independent Antennas

An antenna is said to be frequency independent if the principal charac

teristics (radiation patterl1 and input impedance) change negligibly with

frequency over a band which is limited only by the construction of the

antenna and if the band can be readily extended by adding to the structure

in a manner which is apparent from the structure geometry. This definition

is designed to distinguiSh the frequency independent antenna from that

whIch is loosely termed broadband. The above defInItion serves to separate

the log-spiral and log-periodIc antennas from the so-called broadband

antennas of the past, such as the biconlcal and its flat counterpart, the

bow-tie. However, it was from these early broadband types, which followed

the angle concept as outlined by V. H. Rumsey, that the development of
50 51

log-perIodIc antennas has proceeded, '

The troublesome thing about the bow-tie could be termed "end effect."

For, although this shape of triangular fins would have frequency independent

properties when extended to infinity, the truncation which is necessary in

the practical antenna produces a length in the defining parameters and thIs

length produces variations in the radiation pattern. DuHamel theorized that

the end effect in a bow-tie mIght be eliminated if the energy could be

removed by radiation in the regiol1 between feed point and truncation. 51

This reasoning led to the first successful log-periodic antennas, with a

shape which is shown in Figure 31. The serrations were designed to pro

duce the desired radiation. They were also designed to improve the chances

that the resultIng structure would be frequency independent. First, the

shape is self-complementary; that is, if we consider the outlined region

to be a flat sheet of conductor, the open region between the elements has

a shape which is identIcal to the shape of the conductIng regIon. When

such a self-complementary structure is infinite, Babinet's principle

tells us that the input impedance is constant at 189 ohms regardless of

the frequency. If the end effect is truly eliminated by the serrations,

the antenna will appear infinite at the input terminals, and the impedance
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Figure 31. An early planar log-periodic structure.
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will be frequency independent. Although it was later found that this was

not a necessary condition for frequency independent input impedance, it no

doubt played an important part in the success of the first models.

The second general principle follows from similitude, which has been

used for many years as a basis for testing antennas by using a scale model.

The shape shown in Figure 31 is such that the application of a certain

scale factor to this figure would result in the same figure except in the

area near the truncation of the large and small ends of the structure.

Herice , insofar as the truncations are unimportant to the antenna performance,

the electrical characteristics of the antenna must be repeated at frequencies

which are related by the scale factor, which is usually called T. Since

the same results could be obtained by many successive applications of the

same scale factor (when the truncation effects are negligible), the per

formance should repeat at frequencies related by any integral power of

the scale factor T•. This property of the geometry s that the electrical

performance should repeat periodically with the logarithm of the frequency,

was the motivation for for the name' iUlogarithmically per-LodLc" or 1f111og-periodiclf';'

structures.

The flat sheet metal antenna shown in Figure 31 produced a bidirec

tional beam which was linearly polarized with the electric vector parallel

to the teeth. This latter observation confirmed that it was the currents

flowing on the serrations which produced the radiation and the triangular

fin merely acted as a .t.ransmt.sef.on line to feed the radiating elements 0

Important as they were, these first log-periodic antennas were 'not of

great practical usefulness. The principal drawback was the bidirectional

characteristic of the radiation which would naturally result from the

symmetry of a planar structure. For most applications, a unidirectional

radiation pattern is preferable. The obvious thing to try, then, is to

spoil the symmetry of .the structure in order to change the radiation

pattern from a bidirectional one to a unidirectional one. Figure 32 shows

a log-periodic antenna with ele.ments tilted toward each other that was

first investigated by Isbell. 52 It indicates that the desired unidirec

tional radiation was ach i eved , but J instead of radiating in the direction

of phase progression of the current along the fin, the beam was produced

in the opposite direction--that is, toward the feed point. That such a

"backfire" characteristic should be inherent in the operation of most
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successful unidirectional frequency independent antennas follows directly

from the shape of the dispersion curve for the uniform periodic structures.

The first development of wire outline versions of log-periodic antennas

was done primarily by DuHamel and his co-workers at Collins Radio. 53,54

Figure 33 shows some of the modifications which were made to convert the

first unidirectional log-per.iodic antennas into structures which would be

practical for applications in the high frequency communications band--6

to 30 megahertz. Most of the conductor has been eliminated from the

elements, leaving only a central beam and the edges of the elements. The

element shape has been changed from circular arc to straight line. The

essential properties are retained, however, due to the common scale factor

associated with the dimensions of any two adjacent elements.
55

Another very practical form of the antenna was developed by Isbell.

Although he proCeeded along a different line of reasoning, the same result

is achieved if we apply several perturbations to the antenna in Figure 33.

If we let the element widths become small and then allow the angle between

the planes of elements to go to zero, the result is the familiar log

periodic array of dipole elements shown in Figure 34. The perturbation

just described leads naturally to the transposed feeder line shown in

Figure 34.

Rumsey has pointed out the con~on symmetry properties in a. self-
50

complementary structure and the dipole array with transposed feeder.

It is interesting to note that the shape of the first log-periodic antennas

was governed by a desire to obtain a self-complementary structure, and

this dictated the staggered locati.on of the "teeth" on the antenna shown

in Figure 31. Although the perturbations in the structure of Figure 31

which lead to the dipole array of Figure 34 are rather severe, the symmetry

is maintained through the use of the transposed feeder.

4.2 Dipole Array Analysis

Using the known properties of dipole antennas in a computer program

which solved an equivalent circuit for the antenna, Carrel was able to

compute many of the operating characteristics of the log-periodic dipole

which agree well. with experimental observations.
56

For example, Figure 35

shows some radiation patterns presented by the computer in both the E-

and H-planes of the antenna for frequencies which c:orrespondto the resonant
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Figure 32. The first unidirectional log-periodic antenna
showing the backfire beam.
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Figure 35. Calculated radiation patterns of a
log-periodic dipole array (f =_n
resonant frequency of nth d2pole).
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frequencies of a number of elements on the -antennae This was an eight

element log-periodic dipole array. We can observe that over a frequency

range which extends from the resonant frequency of the longest dipole, f
l,

down to about the resonant frequency of the next to the last dipole, f 7,
these radiation patterns are very much the same. Evidence of front end

truncation appears first in the H-plane pattern calculated at f
8,

the

resonant frequency of the shortest dipole.

The computer program could also be used to calculate the input

impedance. Figure 36 shows a Smith chart which displays the computed input

impedance for a particular log-periodic dipole which had eight dipoles,

T = 0.888, (l =

ohms. In many

17.5 degrees, Zo
cases the actual

= 100

value

ohms, and terminal impedance = 100

of the terminal impedance is unimportant

because the energy is gone from the feeder line before it reaches the

terminatione

Figure 35 shows a typical characteristic of a frequency independent

impedance where most of the points are grouped in a very cOmpact locus

on the Smith chart. It is only at frequencies f
7

and f
8,

corresponding

to resonant frequencies of the two shortest dipoles on the antenna, that

the impedance departs from this locus appreciably.

Figure 37 shows the measured and calculated phase and amplitude of

the feeder voltage along a log-periodic dipole antenna. The abscissa is

the distance along the axis of the antenna normalized with respect to

wavelength. On the left ordinate, phase is plotted in degrees, and on

the right hand ordinate the amplitude is plotted in decibels. The calcu~

lated values are shown by triangles for the phase and by small squares

for the amplitude, and the measured values are shown by continuous

curves. Of principal importance in Figure 37 are the slow wave nature of

the feeder wave near the feed point on the left-hand side of the figure

and the rapid decay of voltage near the half-wavelength element. Calcu

lations were also performed for the amplitude and phase of the currents

in the dipole elements themselves. These currents are more directly

related to the directional characteristic of the antenna. The amplitude

curve of Figure 38 shows that only a few dipoles carry the important

currents, and that these dipoles are in the vicinity of the half-wavelength

e l emerrt , From these r-esuLts the ~ concept of an "ac t rve ,regionv_v on-the antenna
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Figure 36. Calculated input impedance of.a log
periodic dipole array (nth point is
at resonant frequency of nth dipole).
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was developed. The "act Lve r-egLori" varies with frequency in a way .wh t.ch tends

to keep the properties of the radiation pattern constant as frequency is

varied. The results of Carrel's analysis produced valuable design information

for the log-periodic dipole. 56

•

4.3 Backfire Zigzag Analysis

If we return to a serrated bow-tie similar to the one shown in Figure 31

but with tr.i.angular serrations :; and eliminate the conductor in a different

way by allowing one edge of the structure to approach the other edge, we get

a result which is depicted by an experimental model shown in Figure 39. This

is a balanced log-periodic zigzag antenna: 57 half of it is visible and the

other half is hidden by the polyfoam support.

The log-periodic zigzag is a simple geometric shape for which a very

simple approximate analysis for the dispersion data has proved useful.

Similar results have been applied in greater detail to the conical logari-
. 15 16

thmic sp~rals.' A uniform zigzag is shown in Figure 40. The structure

is divided into cells by dotted lines. The period of the structure with

respect to translation is a; the width of the structurecis W; the variable

running along the direction of the wire is s: the pitch angle of the zigzag

is ~; and I indicates a current in the zigzag wire. Let us assume that

the current is a traveling wave with a free-space propagation constant k.

As illustrated in Part I, the important factor in calculating the radiation

pattern is the cell-to-cell phasing. The length of wire in one cell is

•

The wave of current traveling with free-space phases = 2 W sec y.
c

velocity along the wire produces a phase at the right-hand side of cell

1 with respect to the phase at the left-hand side which is determined by

mUltiplying the length of wire in one cell by the free-space phase con

stant. This can also be determined from a phase constant ~ which des-
o

cribes the progression of a wave from cell 1 to cell 2 along the axis,

where the distance between adjacent cells is d. It is then apparent

In fact, the

formula s = 2W sec y, the phase
c

Since the cosecant is always

that ~ d = ~s. Substituting from the
o . c

constant ~ is found to be ~ = ~ csc. y.
o 0

greater than unity, this equation descrIbes a slow wave.

slowness factor is the ratio of the wIre length in one cell to the cell

length d. Slow waves are ordinarily. tightly bound to a guiding surface
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Figure 39. A balanced log-periodic zigzag antenna.
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Figure 40. A uniform periodic zigzag conductor
showing approximate phase constant
formulas.
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structures, the fundamental slow wave may be accompanied by other waves which

are not slow and may, therefore, radiate considerable energy as they propagate.

Consider, for example, the case when each cell contains one wavelength of

wire. Then, because of the mu.l.t Lp Le-evaLued nature of phasors, each cell of

the structure is in phase with every other cell. Array theory tells us that

the linear array of elements of the same phase radiates broadside. If each

cell contains slightly less than one wavelength of Wire, the resulting phase

progression from cell to cell is toward the feed point and produces a beam

tilted toward the back-fire direction; if each cell contains slightly more

than a wavelength, the phase progression is away from the feed point, and the

beam is tilted toward endfire. The backfire condition is one of primary

i.nterest for log-periodic antennas. It is described by a cell-to-cellphase

difference which is the negative of the intrinsic free-space value. Phase

progression slightly greater than this value gives somewhat higher directivity

than obtained by using the backfire condition exactly. This corresponds

roughly to the Hansen-Woodyard condition, which is sometimes employed in linear

arrays by adding excess phase shift to the array to get the narrowest possible

beam.

= 13o13
n

The fields in and around each cell of a periodic structure are composed

of many space harmonics which differ only in phase constant and are related by

2n1T
d

•

Let us apply to the periodic zigzag antenna the theory according to the

normalized space spectrum shown in Figure 11 of Part II. We assume the slowness

factor of two, which could be adjusted by selecting the proper pitch angle of

the wire. When A/a = 4 and the fundamental wave is at the point 13 /k = 2,o
the various other space harmonics are found at l3/k = -6, -2 and +6 as shown

in Figure 41. All of the waves near the structure at this frequency are in

the slow region; there is only one, 13_
1
/ k, which has even begun to approach

the visible range of the diagram.

Now, we change the frequency so that ll/a = 3 rather than 4, and assume

that the normalized fundamental wave phase constant is not a function of fre

quency, hut stays fixed at two. By the formula for calculation of the phase

constants, we observe that the n= -I space harmonic, 13_ I / k, has moved up to

the edge of the visible range. It is moving in .sucha .direction as to enter
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the visible range at the backfire side to first produce radiation in that

direction. The other space harmonic phase constants also moved, but they

are still a long way from the visible range~ We now go on up in frequency,

until A/a = 2.5. The n= -1 space harmonic phase constant has moved inside the

visi.ble r ange ; and, by the above.... described construction in the-unit circle, we

can obtain the direction of the beam.

If this simple theory has any validity, we should be able to observe it

experimentally with a uniformly periodic zigzag antenna.

The H-plane radiation patterns of a monofilar zigzag antenna are shown in

Figure 42. At a frequency of 1.3 GHz the n= -1 harmonic is actually slightly

out of the visible range according to the approximate theory. nowever, we find

that there is a well-formed backfire radiation pattern· from the monofilar zigzag

at this frequency. As frequency is increased the pattern broadens so that we

might, for example, at 1.4 GHz be in the free-spacing phasing condition. As

frequency is further increased the pattern takes on a maximum at some angle

other than backfire, and that maximum value of radiation tends to scan around

toward broadside. The beams here are not formed to the extent that we can

trace the scan across the entire visible range. Hence, the range of validity

of our original simple, assumed: current distribution is limited o However, for

uniform zigzags with narrow-width conductors and pitch angles greater than

about 30 degrees, the perturbation in the simple theory is small and a well

formed beam can be observed to scan across the visible range.

Figure 43 shows the actual dispersion data as determined from measure

ments made on several uniform periodic zigzag antennas with various pitch

angles. The dashed lines show· the phase constants that would result on the

basis of geometric slowing factor of the antenna, assuming that a free-space

wave travels along a wire. The solid lines are the experimental results.

These experimental results were obtained by two methods. First of all, in

the case where the points are below the two 45-degree lines, we can produce

a reflected guided wave on the structure by placing an improper termination on

it. For example, we could put an open circuit or a short circuit at one end

which would produce a standing wave in the near field. From the distance

between the nulls in the standing wave the guide wavelength is determined,

and from that, the phase constant. However, when the points lie in the fast

wave region corresponding to the visible range on the space spectrum, the wave
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has a complex propagation constant and decays rapidly enough that reflections

from the end would be negligible. In this region of the diagram, radiation

pattern measurements have been used to determine the fundamental wave constant.

From the direction of the observed beam the space harmonic phase constant was

calculated.

It has already been discussed how the results for the uniform periodic

antennas can be carried over, at least approximately, to log-periodic. The

variations with frequency observed on the uniform periodic structure corres

pond to variations of the cell dimensions on the log-periodic structure. The

region of small cells near the front of a log-periodic zigzag would correspond

to the low-frequency condition on the uniform structure. The fundamental wave

and all space harmonics are slow and, therefore, small radiation results.

However, the region where the first reverse space harmonic approaches the

backfire condition produces appreciable radiation and corresponds to the active

region on the structure. If radiation is sufficiently large, the larger cells

will be unexcited, and this is generally desirable to avoid appreciable radi

ation in directions other than backfire.

4.4 Design of Log-Periodic Antennas

Let us now consider how the knowledge of even approximate dispersion data

can aid in the design of some log-periodic antennas. Considerable effort has

been expended on the design of vertically polarized log-periodic antennas for

use over ground. A number of designs have been proposed and used with varying

degrees of succesS. The excellent results obtained with both balanced zigzag

in free space and with one horizontally polarized zigzag element over ground

make this geometry a likely candidate for vertical polarization as well. So,

it was proposed to mount a zigzag element vertically over ground;65 this works

as expected. However, a major drawback to the utilization of this antenna in

the high frequency (3-30 MHz) range (probably where the principal applications

are found), is the fact that it has a rather large height---exceeding one-half

the maximum wavelength of the band to be covered. One solution to this problem
. 66

developed by Gre1ser is diagramed in Figure 44.

The vertical zigzag element has been bent along its axis. Figure 44a

shows the vertical radiating elements and the end-on view of the hori-

zontal elements o The bend may be somewhere other than on the axis of symmetry
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of the structureo This is indicated in Figure 44b by having two angles alpha,

"E for the vertical elements and Us for the horizontal elements, The operation

according to the preceding approximate theory was verified by measuring the

Brillouin diagram on a uniform structureo The results of this measurement are

shown in Figure 450 In this case the Brillouin diagram is plotted for only the

fundamental wave, whereas previous diagrams were confined to the first Brillouin

zone from minus ~ to plus ~ and showed several space harmonics o NOtice in

Figure 45 the possibility of going through another transmission region inside

the second triangleo Then, the second reverse space harmonic enters the visible

region at the right-hand side of the second triangle o Scanning of the beam is

also observed in this region and, from the beam direction it is possible to

determine the phase shift per cell in the structure 0 The dashed line in Figure

45 is the prediction for the propagation constant from cell to cell, based on

the assumption of a free-space current wave propagating along the wireo

A unique feature of the bent zigzag which proved very useful in the

design was the adjustment of the cell_to-cell phasing made possible by the

horizontal conductorso The horizontal elements can be replaced with zigzag

delay lines or other equivalent phasing elements so that appropriate phasing

from output of one element to input of the other can be adjusted by changing

the length of wire in each of the delay lineso Either of these methods can 'be

made to work with appropriate design to produce frequency independent backfire

radiationo

Figure 46 shows how the analysis can be related to the performance, and

how appropriate phasing can be determined o The cell-to-cell phase constant at

the quarter wavelength element is labeled n on the normalized space spectrum

diagrams at the bottom of the figure o For the first antenna, this nth cell

falls in the visible range o In fact, the phase constant at the nth cell occurs

near the center of the unit circle, and the accompanying H-plane radiation

pattern (shown to the left in the figure) shows considerable broadside radiation,

resulting in a very wide H-plane patterno The second antenna, however, has a

different slowness factor which can be obtained through a proper adjustment of

the cell-to-cell phasir~o This phasing was chosen so that nth cell falls

outside the visible regiono The nth cell here has a slowness somewhere

between 2 and 3 0 The resulting H-plane pattern for this antenna is considerably

improved o Variations in H-plane beam width are usually ,attributable to energy
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• which penetrates to cells having phasing corresponding to waves in the

visible region. If this is a problem in design which cannot be corrected

through phasing, the rate of attenuation of the currents can be increased

by increasing the size of conductors .used in the zigzag, thus reducing the

beam variations&

The zigzag is an example of the type of structure for which the dispersion

effect is rather small and mainly due to radiation. The dispersion properties

of the helix are very similar as are those for the sinusoidal tape. The

relatively simple geometry of the helix and sinusoidal tape has made it possible

to calculate the dispersion data even in the complex wave region. Generally

speaking, however, the dispersion data are more readily obtained by measurements

than by calculation and the results obtained from measurements on periodic

structures may give important clues to the design of log-periodic antennas.

As an example of the application of experimental dispersion data, consider

the design of a frequency-independent flush-mounted, cavity-backed, slot array

such as might be employed on high-speed aircraft or rockets. Working on the

basic premise of duality applied to the familiar log-periodic dipole array,

the geometry shown in Figure 47 was originally suggested as a proposed design.

The antenna consists of a number of waveguide-fed slots which are arranged in

log-periodic fashion and mounted in a common ground plane. The feed system which

was proposed consisted of a series of loops. Every other loop was transposed

to correspond to the transposed feeder of the dipole array. After considerable

experimentation it was determined that the antenna could be made to work fairly

well over a relatively narrow band near the upper end of the predicted band

width providing the coupling holes between adjacent cavities were enlarged So

that only a vestigial side wall remained.

Near-field measurements indicated that the feeder wave was being attenuated

near the feed point even at low frequencies and thus was not penetrating as far

as the most efficient slot for that frequency. At higher frequencies, this

attenuation disappeared and the antenna performance was satisfactory. This

behavior suggested that a low frequency stop-band might be preventing the energy

from penetrating the structure until a frequency had been reached where the

stopband condition no longer existed between the feedpoint and the active region.

Near-field measurements on the uniform periodic counterpart of the log-periodic

slot antenna sUbstantiated this viewpoint.
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Figure 48. Series loop feed system used in cavity-backed slot
array.
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stnes the behavior had persisted through numerous modifications of the

cavity, suspicions began to center on the loop feed. The feed system was removed

from the slot array and placed over a ground plane as shown in Figure 48.

The BrillouIn diagram for thIs structure was determined by observing the

near fIeld amplItude of the loop system over a range of frequencIes. The values

of ~ were calculated from the distance between the nulls of the near-fIeld

amplitude observatIons. The BrIllouIn diagram for the loop system shown in

Figure 48 Is shown In the graph of FIgure 49. The lIne OA represents the

relative "slowing" of the wave due to total length of conductor In one perIod

and would represent the locus of ~d if the energy traveled along the conductor

at the speed of light. It Is notIced that at kd ~ 0.8 an appreciable amount

of attenuatIon Is observed. However, we also note that at this particular value

of ka, ~a is such that its locus falls inside the slow wave triangle and also

falls below the line OA which makes the slope of the kd-~d locus approach the

value of zero for this frequency. This is characterIstic of periodic structures

possessing stop bands; hence, we conclude that a stopband Is present on the

structure. Therefore, it is evident that such a structure when scaled log

periodically would not operate in a frequency-independent manner. This conclu

sion arises from the fact that in the corresponding log-periodic structure,

it would not be possible to propagate energy past the location of the stop band

which, in this case, occurs in front of the active region o

This phenomenon correlated very well with the previous observations on

the log-periodic, caVity-backed slot array. It waS found that for those fre

quencies where the stop band occurred in front of the active region, the

impedance locus of the log-periodic structure appeared on the periphery of

the Smith Chart indicating that essentially no net energy was being radiated

by the antenna o Howevery as the frequency of operation was raised to the

point where the stop. band went beyond the front end (i.e., the small end)

of the log-periodic slot array, the impedance locus on the Smith Chart

appeared well inside the chart.

In order to eliminate the stop band the loop-feed system was altered to

correspond more closely to the zIgzag configuration for which no low frequency

stop band has been found. The feed system for the uniform cavity-slot array

was then of the form shown in Figure 50. However, it is shown here again

placed over an infinite ground screen for near-field amplitude observations to

determine the Brillouin diagram for this at ructur-e , The results are plotted

102

•

•

·



• • • •

3.6 ,Bd3.2

Tr

2.82.42.01.61.2.8.4oex 5 4 3 2
ATTENUATION IN

db PER CELL

kd
1

3.2
3.0

2.8

2.6

2.4

2.2
2.0

1.8

. 1.6
t-'

I 1.4

A

0
cc

1.2
/

I.0

.8

.6

.4

Figure 49. Experimental dispersion data for feed system shown in
Figure 48.



Figure 50. Modified feed system for cavity-backed slot array.
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in Figure 51. It is first of all noted that an attenuation of the near-field

is observed at a higher frequency than in the previous case (kd = 1.2). Secondly,

we note that the locus of'kd vs , j3d does not cross the line OA before the radi

ation region so that the slope does not approach zero in the region. This indi

cates that a 'lVdirectional :couplingi't phenomenon is occurring rather than a

stop-band phenomena as was noted in the previous case.

A log-periodic version of the feed system of Figure 49 was also used as a

feed system in a log-periodic, cavity-backed slot array. The results confirmed

that there was no stop band present on the structure over the entire operating

bandwidth. For all frequencies, the Smith Chart impedance locus appeared well

inside the chart, indicating considerable radiation by the slot array. A

typical impedance plot for an antenna designed to have 2.7:1 bandwidth is shown

in Figure 52. Note that the measured dispersion data indicates the approximate

frequency at which backfire phasing is obtained from the feed system over a

ground plane. This is helpfUl in achieving a properly located active region on

the slot array although some shift is caused by interaction between the cavity

structure and the feeder. Nevertheless, with proper adjustments, well-formed

backfire patterns are obtained over the operating bandwidth as shown in Figure 53.

4.5 Summary of General Principles

In Part II the existence of stop bands on any periodically loaded line was

demonstrated. Since the log-periodic dipole array consists of line which is

shunted log-periodically with resonant elements, stop bands can be expected to

also exist on such a structure 0

The discussion of Part III, which relates the continuous scaled and log

periodic antennas, emphasized the point that successful operation of such a

structure is dependent upon the loss. Hence, not only the dipole elements,

but the array configuration must be simUltaneously efficient radiators. It

seems good at this point to relate the results of Parts II and III as applied

to the dipole array. to serve as another example of how dispersion data can be

related to antenna design.

Using the lossy stub analogy for the dipole array, the results of Part II

show that the resistance of each element determines the maximum phase shift

in the region where the a t t.enuat ton of the complex wave becomes appreciable.

Hence, this parameter will be predominant in contrOlling the phase shift in the
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Figure 52. Measured impedance data for log-periodic cavity-backed
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active region. Of course, in the dipole array the r-ea.L.'. part of the base impedance

of each element depends upon the coupling to other elements. The frequency band

over which appreciable attenuation exists is governed primarily by the stub

impedance. This parameter alSo controls the Q of the loading element.

The folloWing points now arise for consideration in log-periodic arrays

of dipoles or monopoles.

(a) The cell-to-cell phasing of element currents should be such that appreciable

radiation can be expected to occur from the array, ieeo) the element current

progressive phase shift should be in the vicinity of that of a free-space wave

(or possibly a fast wave) along the array. This is accomplished in the COnven

tional dipole array by .means of the transposed feeder. The phase shift between

adjacent dipoles is thereby altered from the phase shift between the loading

elements of Part II by a difference of 180 degrees or ~radians. As a result,

the dispersion data plotted for dipole currents is related to the dispersion

data for load currents as shown in Figure 54. Note the approach of the dipole

currents dispersion curve to the backfire free-space line is dependent upon the

real part of the load impedance.

(b) The attenuation in the complex wave region on the structure should be

large enough so that very little energy penetrates to the rear termination

or truncation point. The magnitude of the attenuation is also dependent upon

the real part of the load impedance. However, the maximum attenuation occurs

for zero load resistance which is not desirable for frequency independence •.

Hence; the optimum load resistance must be chosen on the basis of assuring

negligible end effect as well as suitable cell-to-cell phasing.

(c) The number of elements needed in the complex wave region depends upon

the width of the region as well as the attenuation. Consideration of the load

resistance level plus the bandwidth of each element thus enters into choice of

an appropriate scaling factor T.

The above guidelines are offered as helpful aids to log-periodic antenna

design based upon dispersion data. Additional work is in progress in making

these design procedures more precise. HopefUlly, future work will extend the

methods to many additional types of antenna elements as well as active and

passive log-periodic networks.
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4.6 Variations for Special Applications

The measured Brillouin diagram of a periodic dipole array indicates

that when the period is small enough, conditions in the vicinity of the

three-halves wavelength resonance are similar to those in the vicinity of

the half-wavelength resonance. It thus seems reasonable to expect a region

of backfire radiation near other odd integer multiples of a half-wavelength.

The element patterns of dipoles at higher order resonances are not very

useful, however. The side lobes are comparable in size; in fact, they

may even be larger than the principal lobe. These side lobes can be

reduced to small values by forming the dipoles in the shape of a V. Hence,

by tilting all the elements of a log-periodic dipole array forward to make

a log-periodic array of resonant-V dipoles, the antenna range can be exten-
60

ded to higher frequency bands by operating in these higher modes. . The

directivity increases in the higher modes because one can make use of a

Wider effective aperture (measured in terms of the wavelength). Figure 55

shows radiation patterns in the E- and H-planes which are typical of

several modes of operation in a particular log-periodic resonant-V antenna.

Not only is the beamwidth in the E-plane narrower, but also the beamwidth

in the H-plane is reduced as operation is stepped up into the higher modes.

The input impedance of the log-periodic-V array has also been measured

over several modes which encompass a bandwidth considerably greater than

20 to one. Each mode has a characteristic impedance locus on the Smith

Chart which can be described in terms of a mean impedance R and a maximum
a

VSWR with respect to that impedance. For feeder impedances between 75

and 150 ohms, elements tilted 50 degrees from perpendicular to feeder,

typical ranges of Rand VSWR are as shown in Table 1.
a
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Figure 55. Radiation patterns of log-periodic
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There is a transition band between the various modes wherein the patterns

break up and the VSWR increases. This deterioration in performance is most

severe in the transition between the ;\./2 and 3;\./2 modes and, in fact, may

be reduced to almost negligible effects in the transitions between the

higher modes. The foregoing principles can be used in the design of all

channel (VHF-UHF) television receiving antennas and of antennas for use in

communications services with frequency allocations in discrete bands such

as radio amateurs, etc. Modifications have recently been made which shift

the frequencies of the higher order resonances of the dipoles so that a

multiband backfire array can be designed to cover bands which are not

exactly harmonically related.
70

It still remains that many applications of frequency i.ndependent

antennas are in the HF communications band where even a half-wave dipole

can become impracticably large. Hence, another interesting line of study

involves methods of reducing the length of the dipoles of a log-periodic

array. Several methods of loading the dipoles have been suggested and
69 70

tried with varying degrees of success.' We shall confine our con-

sideration to the method of continuous inductive loading, which involves

replacing the linear dipoles with normal mode helices.
61

Since we know

that the performance of an individual dipole is impaired by going to a

shorter helical dipole, we expect that the performance of the log-periodic

array will also be adversely affected. However, the properties of the

log-periodic dipole are generally good enough that some deterioration of

performance can be tolerated o

The original method of design was to adjust the helical dipoles so

that their resonant frequencies fall in the log-periodic sequence, rather than

necessarily haVing their lengths correspond to the log-periodic formula.

The method of feed is the familiar one using twin booms and transposed

connection to the feed line. However, when covering a large bandWidth,

the structure bandwidth (i.e., the ratio of the largest to the smallest

element on the structure) will be large. Hence, it is probable that

only some of the dipoles will have impractical lengths, and this suggests

the use of mixed arrays. In this case, the front of the antenna is an

ordinary log-periodic array of linear dipoles. But it is possible to

fix the length for the last few dipoles and adjust the resonant frequencies
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of these elements to correspond to the resonant frequencies of the original

linear dipole elements that would have occupied these same positions on the

antenna.

This design can be further improved by tapering the spacing from that

which is employed on the linear dipoles to a value more nearly optimum for

the helical dipoles. It is also beneficial to ascertain the bandwidth of

each helical dipole and choose the lengths of the elements so that the

responses of adjacent dipoles overlap. In this manner a dipole array of

restricted width can be made which has impedance verSUS frequency charac-

. h f d' 1 68teristics comparable to a log-periodic array of full-s1ze al -wave 1pO es.

However, due to the reduced bandwidth of the shorter dipoles, more elements

are required and the overall length of the array is thereby increased.

4.7 Conclusions

Many useful new antenna designs have been produced through frequency

independent antenna research. These include a number not discussed here

for a lack of time and data. However, there are still some notable examples

of desirable performance which have not yet been achieved. A vertically

polarized omnidirectional pattern and a broadside directional beam* are

two such examples. A fruitful area for further work lies in the joining
I

of research in pattern synthesis with that in frequency-independence. It

is expected that dispersion data for uniform periodic structures will con

tinue to playa major role in this effort.

*Since this manuscript wa~20riginally prepared results of workers at
University of California and University of Illino.is73 indicate that
beams very close to broadside can be obtained by altering the design
parameters of a log-periodic dipole array and adding parasitic elements.
Consideration of dispersion data played an important role in achiev~ng

these results.
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